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3VM Formalism for QL-1 In First Order Predicate Logic 

1. Introduction — QL-1A matrix connectives 

V/hile writing Section 7 on the QL-1 formalism for MR-53, 
it was noticed that what had been worked out earlier in IS-1 
and AL0G-A8 regarding this were not quite satisfactory and 
many aspects of the theory for QL-1 had to be worked out and 
a fuller theory developed. Therefore, the whole subject of 
qL- 1 is re-examined here. Starting from an elementary relation 
in one variable of the type in Eq.(l) below, the theory is 
extended to compound sentences quantified by (^x) of the 
type in fiq,(2) and also to elementary statements having 
multiple quantifiers. The notation for quantifier states 
will be borrowed from MR-53 as also the theory of the BA-3 
algebra of QEA. 

The format for an elementary statement in QL-1, written 
in standard notation, is : 

(^x)(|x Z(k,-6) ^x) , (q^x) = q(i), i = 1 to 8, k, = 1, 2 (la) 
e.g. (\/x)(ax ==#>bx) "S qC^Zx) (|X l(l,l) bx) (lb) 
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In BVMF notation, for QL— 1, this takes the form of Eq.(<c). 

ax Z where a, ^ are dummy symbols and "L = 2(k,^)) 

(2,a,b) 

We shall use the same symbols ax, bx for quantified terms 
as in QL-2 (since they have the same significance) and only 
denote the QL-1 relation by the symbol ^ as shov/n in Eq.(2), 
Clearly, ^ of Eq.C2b) is one of the eight quantifier states, 
and 2(k,-^) ia the SNS matrix connective in the relation 
ax Z bx, whi-eh is the predicate in Eq.(la). 

The binary logical QL-1 relation in Eq.C2) can be 
implemented either in the unary form or binary form as with 
binary logical relations in SNS and QL-2. Thus, in standarxl 
notation, denoting Z by Z(k,.'^), the implementation of these 
two forms is indicated, in principle, in Eqs. (3) and (4) below: 


Unary relation 

(a 2 x)(|x 2 = bx) i — > ,x)(b'x) ('^n) 

and e.g. 


a'x - (^x)(T), (yx)(ax bx) t — ^ b ' x = (-Jx)(T) ('‘b) 

Binary relation 


(qb,x)(b’x), (q2x)(ax 2 

e.g. a*x = (yx)(F), b'x = (9 x)(T); 

I a-, b-) = D, 


bx = ex) \ — |(a 2 b | a’ 
and (q^,x;(c'x) 
(\/x)(axAbx >= gx) 

= ( 9 x) (F) 


h * ) 

(4a) 


C ’ X 


(4b) 
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Thus, the output is a quantified term for the unary relation 
(3a) while it can be obtained either as a quantified term 

C X (^1 as cOJ. ‘ ±us. i.-i.ijEr UJL ViiJLUt; ujLiiciX'V 

relation corresponding to the given inputs a'x and b’x as in 
(Aa) . 


In the following Sections 2, 3 and 4, we shall establish 
foxmiulae that ai'e necessary for implementing unary cind binary 
forms of statements composed of elementary relations in QL-1. 
This is done by first considering a singly quantified elementary 
relation in QL-1 for the four standaxxi QL-1 states V , 3 , J\- 

and ^ . For these states, the lattice number notation given 
in ALOG-48 and IS-1 is very useful and will be used where 
necessary, although the notation of QL-2 for quantifiers 
is the one adopted in the fonnalism developed in this report. 

For ready reference, and also for ax^plication in the theory 
of v/hat is termed as QL-IA relations below, we need a proper 
definition of the eight quantifier states in QBA and their 
description, via set theory and the truth values of the 
individual constituent term ^ . Therefore, we reproduce 
Table 1 fran ALOG-50 (p.4) and it contains all the necessary 
definitions and descriptions of the eight QBA states q(l) to 
q(8) as well as their represent ation in BA-3 algebra. 



« 3s • 


MR-" 54 


Table 1: Properties of the quantifier Boole^^. a] 

SNS truth values 


SI. 

Quantifier state q 

IMO * 

lv3iB€ 

'S^et-theoretical 
Symbol (iescription 

q(l) For all 

V All n ax are T 

q(3) For some 

1 to n-1 ax are 


T, 1 to n-1 ax 


are F, and the 


rest are D. 

q(5) For none 

$ All n ax are F 

|_ ^ 

-T ss 




Truth value of Cu ax 

X = 



q(6) There exists 3 


All or none 0 


q(2)i Not for all J\ 


1 to n ax are 
T and tHe rest 
are D or F. 

All n gx are T 
or all“n ax 
are F. “ 


D or T , 
but not F 


T or F, 
but not D 


ET« SS0TT (110) 


TF- TT0FF (10 1) 


1 to n ax are D or F, EF» SSBff (Oil) 
F, and the but not T 

rest are D or T. 


q(7) Indefinite 1 to n ax may D, may 

be T , F7 or D. also be 
; T or F 

; 

q(8)j Impossible id) i to r ov Nnt n n, 


DD=:TT0SS (ill) 
©FF 


possible (p 1 to n ^ are Not D,not XX-TT®SS (O 0 O) 
A, others may T and not F F’F 

I |beT/ForD: | | 

* is the logical representation of the set-theoretical 

description. Although its description is in BA-2, its range 
13 not a truth value of BA-2 and requires BA-3 algebra. 

t Gen B generator. 
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It is found that the implementation of Eq.(4a), in general, 
requires a new way of applying the SNS connectives A, 0, E 
between two quantified terms (both in x) of the form 


^ A. bx = cx ; ^ 0 ^x = cx ; ^ E bx = c x i;5a,b,c) 

Unlike the SWS binary relation a Z(k, b = c , and the 
QL— 2 relation a, Z(k, ^ lor both of which the output 

is an SNS vector c, in the case of Eqs (5a,b,c), the output 
is also a quantified term in QL-1, namely , The theory 
of the connectives in Eqs. (5a,b,c) is given in the next 
section 2, alter which the implementation of QL-1 binary 
and unary relations are discussed in Sections 3 and 4. 

-As an example, the application of the QL-1 connective 
A may be given as follows; 

(\yx)(i^)A(Jx)(bx) = ( 3 x)(§x A bx) = ( 3 x) (cx) (6a) 

which has clearly the form 

ax A bx = cx (6b) 

The type of relations appearing in Eqs. (5a,b,c) will be 
denoted as QL-1A type of relation, and its properties with 
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regard to the nature of the output have been mentioned above 
In fact, just as SNS and QL-2 logical relations which also 


iir 


■lary for&i of implementation, we can also think of 
the unary form for the thre_e connectives contained in 
Sqs. (5a,b,c) which are as follows; 


> 2 = A, O, E (7) 

Both the unary and binary forms of implementation will become 
clear from the- formal definition of the QL-IA relations which 
is given in the next Section 2(a). 


formulation o f QL-1 connectives AND. OR, EQU t 
repres ented by the symbols A, 0, E. 

-(s) Definition of the matrix connectives Z ( k 

le suppose that the set ^ x^ has values from 1 to n ^ 
and that { and ^x}- ar e representable by a set of N JMS 
truth values as in (8a, b): 


.2?^ a2, 


an) ; bx = (b1 , b2 bn) 


fhe (2,n)-vectors composed of ^ and bx c 
the quantified terms and bx respective 
representing their QBA states (as described 


an be denoted by 
ly , these symbol, 
in I^iR-53)- 


( 8a , b ) 
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However, for the QL-1A formalism, it is not sufficient to 
know the QBA state as such, but it is also necessary to have 
the full details about the (2, n) -vectors denoting the two 
quantified terms ^ and bx (as given in column 4 of Table 1). 

In terms of these, we define the connectives A, 0 and E of 

QL-1A as in (9a,b,c)^in terms of the corresponding SNS 
connectives A, 0, E respectively. 

(ax A bx = bx) HE (a1 A b1 = c1 , . , . , an A bn = cn) 

(ax 0, bx = cx) = ( a1 0 b1 = cl , . . . , an 0 bn = c.n) 

(^ E bx = ^x) -^ ( §1 E b1 = c1 , . . . , an E bn = qn) 

It is to be noted that 0, ^ correspond to A(l, 1), 

0(1, 1) , E(1, 1) respectively. We shall discuss the way 
of implementing a relation of the type ax Z(k, , 

in general, in Sections 3 and 4. How'ever, we may mention 
here that the implication relation in QL-1A takes the form 

^ ^ ^ a^x ^bx,^^x=^N, (10) 

In essence, in QL-1A, we implement ax ^ to by performing 

the logical operation demanded by the relation ax Z to = cx 

for each x = 1 to n, 

/and then finding out the QBA state of (c1, c2,..., cn) by 
referring back to Table 1. However, it should, be noted that 


(9a) 

(9b) 

(9c) 
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the quantifier states of bx, cx in (9a,h,c) are 

those describable by q(l) to q(8) of the BA-3 algebra of 
QBA listed in Table 1, although the relations on the r.h.s 
of (9a,b,c) are between the individual SNS terms of the (2, n)- vector 
/quant if led ^states. Because of this, the quantified terms 
themselves can be combined by using the Boolean operators 
li and X of QL-2. As mentioned in MR-53, these can be represented 
by the symbols of Boolean sum ( 0 ) and Boolean product i 00 ) } 
applied to q(l) to q(8) . In their application to 0L-1/\ ro'lat ions , 
it can be verified that the QL-1A operator Z and the QL-2 
operators© and ® have the distributive property listed in (11); 

(ax 0 bx) Z cx = (ax Z cx) 0 (bx Z cx) , X = A, 0(l) , K ( 11a) 

(ax (3 bx) Z cx = (ax Z cx) ® (bx Z cx) , Z = A, 0(I) , B (I1b) 

V/e shall now proceed to give some of the details regaiding, 
the properties' of the matrix connectives Z in (X-1A. 

(b) Outline of the theory of QL-1A matrix connectives 

We utilize the definition of the three operators A, 0, K 
as given by (8a, b) and (9a,b,c),and that of the eight quantifier 
states of QBA as given in column 4 of Table 1. Then, the 3x3 
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multiplication tables for these three operators , along with 

that of ^ as defined by Eq.(lo), for the three generators 

V. 1 ,1 of GBAjcan be obtained. These are shown in Tables 

2(a) to 2Cd) (the details are omitted). The Boolean operator 
c 

for complementation is employed in the form of weak negation 
(11) , and is defined in the same manner as for QL-2,in (12): 

~ »•••» = bn ; (^^ B ^ rz (q(i^ax) = q(^bx) ) 

( 12 ) 

The strong negation (N) is also defined in the same manner 
as the matrix connective for QL-2,and takes the form of Eq.(l3): 

5 E = * |1 N - b1 , an N = bN ; (a”= ^ H (q(l^ax) = q(ibx)) 

(13) 

Using these) the De Morgan relations and other inter-relationships 
between the operators A, 0, are given in (l4a to e) . 

De-Morgan relations for GL-1A 

A N = 0^ 'S a^x A b^x = £ bx)^ = cf^x, with c of (9a) ( 1^a) 

N 0 N = A^ S a^x 0. b’‘^x = (ax A bx)^ = d'^x with c of feb)(l4b) 

Relation between im-plication and dis.iunction in 'X-1A 

N 0 = I = a^x 0 bx = ax I bx (l4c) 

A N = ^ ax A b'*^x = (ax I, bx)^ 


(I4d) 
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QL-1A 



(c) IMPLY ( jL ) (d) equivalent ( ) 



V $ 

1 ^ 

V 5 

i h ? 
f ? V 


I 

V i $ 

L. 

V 

V 

£ 


£ 

V 

3 

£ 

LA. 

y 

V 

V 


*These four connectives are given the logical symbolB^ 
respectively, with an extra v/avy line below the 
corresponding symbols in sentential logic. 

+The tables give c 'x corresponding to a 'x Z b ’ = c ' >: 
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C ont rapes it ive im-plicat ion relation 


N I N = I 


a^x I b^x = 


bx I ax 


(I4e) 


As illustrations^ we give the following examples: 

(I4a) : (\/x)(‘^ax)A (9x)(”nbx)^ ) ( ( V x) ( x) ) 

( 14b) : C9 x) ( /\ ( 3 x) ( I bx) 3( ( 3 x) ( ax) ^ x)(bx) ) 

(I4e) : C\/ x) ( lax) ==.^(\/x)( Ibx) ((\/x)(bx) =»*^ (\/x) (ax) ) 


where the .CX-1 operator corresponding to the SKS operators 
of PC are differentiated by the v;avy line below their symbols 
as in A , V , == , , corresponding to A, _Q, 1 , 

respectively. 

From Tables 2(a) to 2(d) for the generator states, 
we can construct the corresponding 8x8 truth tables for all 
QBA states, by the simple fact that ai:iy QBA state is a Boolean 
sum of atmost three generator states. V/e have only to use 
the distributive law between Boolean sum and the operators 
A, 0, 1 and E, of the form shown in (I5a,b). 

( ^ q2 ) A ^ ‘^3 ^ ^ " ‘If ‘^3 ^ 4-1 ^ ^2 A ^3 ^ °"2 A % 

(15a) 

(qi ® qp) S (q, ® q4) = ® 9 - ^ ® ^ ^ S. % 

(15b) 
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The tables so obtained are given in the next pages os 
Tables 3(a) to 3(d), 

It will be seen from Table 3(a) that the four standard 
quantifiers V, 3 yield only one of the same four 

states as a result of conjunction _A, except that 3 A d - /S , 
the indefinite state. A set-theoretical explanation of the 
occuirrence of A has been given in IS-1, for the operator 
"into" C®^) of QL-1, which is really equivalent to the new 
QL-1A operator A , for the range of applicability of — 

namely ( \/» 3 ) . 

In Tables 3(b), (c), (d) also, it is found that the 
4x4 multiplication tables for the four standard quantifier 
states Vj 3 , yV , $ , yield only again one of the four 
states, except for the additional indefinite state A . On 
putting back A also as an input, once again it is serti that 
no further new states are introduced. So also, on in t rod nc in; 
the contradictory state 0 , no new state other than this ir, 
introduced . 

Therefore, Tables 3(a) to 3(d) can be said to indicate 
that QL-1A calculus using only the matrix operat 


ors 0, 1 and E 



. 12 . 


in QL-1A 

Table 3. Full multiplication tables/for the matrix 

nonnectives A. 0. I. E for the eipcht states of QBA 

— 0 ^ — ■■ I I mm 


(a) and' 


A 

\/ 

3 

A 


1 

A 

0 0 

V 

\/ 

3 

i 

: A 

§ 

A 

A 

0 

9 

3 

A 

I ^ 

f 

A 

A 

A 0 

A 

A 

A 

A 

$ 

A 

yv 

A (p 

$ 

$ 

§ 

# 


$ 

5 

§ 0 

£ 


A 

/V 

§ 

A 

A 

A 0 

A 

A 

A 

AV 

§ 

A 

A 

A (p 

0 

0 


A 

$ 

A 

A 

Q (p 



0 

0 




P P 


* The four entries in the top l.h. corner of the table 
for the standard quantifiers V , 3 are the same as 
those for the operator which was described in 
IS-1 using lattice algebra for QL-1 . 





0 

V 

3 

A 

$ 

i 

A 

© 4^ 

\/ 

V 

V 

1/ 

V 

1/ 

y 

V ^ 

9 

V 

3 

3 

3 

3 

3 

3 $7^ 

A 

V 

*3 

a 

A 

-Au. 

3 

A 

A ^ 

§ 

V 

3 

A 



A 

10 0 


V 

3 

3 

£ 


mi 


A 

i 

M 

a 

A 

A 


■ 


0 

V 

g 

A 

0 








0 


9 

P P 






.1A. 


(c) IMPLY 


I 

V 


A 


i 

A 

0 9^ 

M 

V 

3 

A 



A 

.0 cp 

3 

V 

3 

A 

A 

3 

A 

A (?S 

A 

V 

3 

3 

9 

3 

3 

3 9^ 


y 

U 

V 

V 

V 

V 

V p 

; 1 

1 

V 

3 

3 

£ 

3' 


3 p 

A 

V 

3 

h 

Z\ 

3 

A 

A p 

0 " 

1/ 

3 

4 ' 

Q 

3 

A ' 

0 0 







i2^ 

(2!/ 
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(d) EQUIVALENT 


E 

' 1/ 

3 

yv 



A 


V 

\/ 

3 

A 


1 

A 

0 ^ i 

3 

a 


A 

A 

A 

A 

A <y^ ; 

A 

A 

/] 

A 

3 

A 

A 

A <7^ 

§> 

$ 

A 

3 

V 


A 

0 / 

i 

£ 

Z1 

A 

1 

A 

A 

ira 

i 


A 

A 

A 

A 

A 

A ^ 

(9 

0 

A 

A 

0 

w 

A 

0 0' 

1 ^ 

1 





0 


I 

0 0f 1 
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will be complete, if vre have only the six states (\/»3»-A, 
A,^zS) of QBA. However, as will be shown later, true Boolean 
connectives applied to the QBA states (which will follow the 
rules of QL~2), can yield the other two possible QBA states, 

£ and 0 . Therefore , these have also been included in Tables 
3(a) to 3(d). Then, it is observed that the multiplication 
tables are once again complete, because the matrix product 
always leads back to one of the eight states, with the proviso 
that £ , or 0 , arises only if at least one of the components 
in the relation a Z b is , or 0 , respectively. We shall 

comment further on the properties of these connectives when 
we come to applications. 

(c) Implement at ion of QL-1A unary and binary relations 
(i) Binary relation in QL-1A 

This has the follov/ing structure : 

a/x, ^'x, ^ ^ hx = cx 1 — ^ p,'x (l5a) 

where ax and bx are dummy symbols and ^'x and ^'x are input 
quantified terms which lead to the quantified output term 
c 'x as in ( 15b) : 


a*x Z b.*x = c.'x , 


Z = A, 0, I, E. 


(155) 
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Eq.(l5b) utilizes the data in Tables 2(a)to(d) 
0(1, 1), 1(1, 1), E(1, 1) respectively. For 


:ase >f ( 15a) in ^ 


7 hich 2 = 2(k, the inipl! 


be carried out in terms of (I5b) as follows. 
a”x, ^*'x are calculated as in (l6a) and (l6b); 


for 4 == A ( 1 , 1 ) , 
t h e rn o r • e p e n e r ■ a 1 
men at ion can 
Firr-t, 


a^’x = 
— / 

a'x or 

.r-w/ 


according as k = 1 , 2' 

( I6a) 

^”x = 

b'x or 

b'^x, 

according as (y = 1 , 2 

( 1t:.b) 


Then the output c^*x is given by (l6c): 

a'x Z(k,..^) b’x) H (a"x Z(1, l) ^’x) = c'x (l6c) 

The implementation of Eq.(l6c) requires only the four tables 
2(a) to (d) and the calculation for ZJ^k, £) is reduced to 
that for ^(1, 1) = Z . 


(ii) Unary relation in QL-1A 

As already mentioned, the relations in QL-1A arrive.^ 
during the implementation of QL-1 statements for ri.v.*n inputs. 
Thus, £q.(l5a) arises from the GL-1 equation 

a'x, b'x, (\/x)( ^ Z bx = cx) i — > c^'x (I7a) 

In a very similar manner, the unary OL-1 equation 
a'x, (V x) (ax g = bx) ( — ;^*x 


(17b) 
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leads to the QL-1A unary relation 

^a'x, ^ 2, = ;bx h-> ;b'x (18) 

In this, as in (l5a)^ is a duramy symbol and the input 

quantified term is ^'x , and the operation of the QL-1 
connective ^ leading to the output quantified term ^*x 
has the same significance as for the binary relation. 

Therefore, if ^'x has the full description q(^a'x) (a'x) , 
then, the SNS operator Z is applied to each of the components 
of the (2,N)-vector representing ^'x to obtain the components 
of the ( 2, N) -vector representing ^’x . Therefore, the 
equations for the implementation of (18) are as follows: 


Let 

^'x 

= q(^a’x)(g*x) 

(19a) 

Calculate 

a’x Z = b'x 

(19b) 

Then 

b ’ X 

= q(ia’x) (b'x) 

(19c) 


The equations (l9a,b,c) give the implementation of (18) 
for 1 » 1)* For the more general case where ^ = ^(k,-(^), 
a similar set of equations can be obtained and are given in (20) 
First calculate a"x from (20a): 


a''x = a'x or a*^x, according as k = 1, 2 
^ 


(20a) 
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Then 

"x Z = h"x ; “ q(J.a'x) (b"x) ('’Ob,c) 

Then the output ^'x is given by 

b'x = b."x or b"^x, according as •-^= 1, ? (DOd) 

The above theory of QL— 1A binary and unary rel. «it ions 
will be applied immediately in the next section lor tlie 
imolement at ion of the corresponding elementary relaLion in 

3. Implementation of the QL-1 binary relation 

The standard form of the binary relation and its 
implementation in QL-1 have been indicated in Eq.(d). It vus 
also mentioned in that connection that the implementation 
requires the definition and formulae pertaining to the (-L-1 
matrix connectives A» 0. E. Since these connectives and 
their multiplication tables have been listed in Section 2, 
the formulae for the implementation of the binary relation 
can be written very simply. Thus, the binary relational 
equation is 

cC^a'x) , q(^b'x), q(iDx)(ax 2(k, -£) bx = cx) i > q(i^c'x), or 

t (Z la,*, b* ) (;.:'1a,b) 
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In implementing these, we first implement the QL-1A binary 
relation of (21c) ; 

q(ia’x), q(ib’x), ax Z(k,^) bx t — ^ q(ic*'x) (21c) 

The steps involved in this implementation are 

q(^a"x) = q(^a*x) , q(^^a*x), for k = 1,2 respectively (22a) 

q(^b"x) = q(^’x) , q(^b'x), for ^ = 1,2 respectively (22b) 

q(ia"x) Z q(lb"x) = q(^c"x) , ^ = A, 0^ or jE according as 
^ ^ Z = A, g, I (I(k, i^) = g(k^,^)) (23) 

The outputs in (21a, b) can be obtained from q(i^c"x) as in (24a, b) 

q(^c"x) ^ q(iZx) = q(ic'x) (24a) 

t(q(iZx) lq(ic"x)) = t (Z 1 a,’ , (24b) 

Of these two formulae, (24b) is well founded, and can always 
be used. V/e are not yet quite sure of the correct connective 
to be used in (24a) and this will be clarified after discussing 
the GL-1 unary relation in the next section. 

Thus, for the input quantifier states a,'x and ^*x , 
the output of the binary relation can be obtained, either as 
a quantifier state c_,'x, or as - truth value t(Z j a’, V ) . 
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The latter is probably more usolul, as it tives at a tlcuice, 
the InTormatloh whether the QL-1 relation (^x)(ax Z bx) 1 = 
completely satisfied by the Inputs a'x and b'x. or whether 
the negation of this relation is satisfied, or whether both 
are satisfied, according as the truth value is T , F or L' 
respectively. On the other hand, if the question is asked 
as to the nature of the quantifier, for which the relation 
formed by the predicate is satisfied, for the f^iven quantifier 
states of the two inputs, then this can also be answered by 
the quantifier state denoted by £,'x. V/e shall illustrate? 
these by two examples. 


Problem _1 

The data given are 

3(a')> (\/>'-)(ax A(1,2) bx) (?6a) 

Then , 

a‘'x = 3 , h''x = = V, 9a V = 3 = cj'x C?5b) 

t(Z la;, b«) = t( V IB) = D (?6c) 

Probl em 2 

The input data are 

9(i'), l(fe'), 3c) (ax £(l ,2) bx) 


( ?6a) 



MR-54 

»22. Draft-2 

27 . 8.86 

a"x = 3 , b»x =£^=£, 3o£ = 3= c"x ( 26 b) 

%($ h) = F (26c) 

It will be noticed that the above algorithm, in (22) and (23) 
for the QL-1 binary relation, is very much shorter than the 
corresponding one which was proposed in IS-1. This has been 
possible because all the calculations involving the 3-vectors 
denoting quantifier states, and the application of the binary 
relations A, 0 or E , are contained in the relevant tables 
as given in the previous section. It is suggested that the 
3x3 tables. Tables 2(a), (b), (d) only need to be stored 
for these three connectives A, 0, ^ respectively, corresponding 
to the generator states, and that, for a matrix relation 
involving mixed states, they be written as Boolean sums of 
their generator states, and the resultant worked out as 
indicated below. 

Denoting the generator states q(l)> q(3), q(3) by q(gj^) 
and the QL-1 operators A, 0, E, by the matrix product 

q(i) 3 mixed states q(£) q(^) can be 


obtained as follows: 
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Suppose q(i) = 

i 


q(d) = ^ qCsi) ' 

(?7a) 

then 




q(i) z q(J) 

11 

^ (q(gi) Z q(gj)) 

0 

(?7b) 


This is the only extra formula that is needed for implenient ing 
Eqs. (21) and (22), since the formula for the relative truth 
value t(^ja,') is the same as in QL-2, since we are using 
the QL-2 notation for the quantifier states- 

4. Implementation of the QL-1 unary relation 

This problem looks deceptively simple, but gives a lot 
of difficulty in its formulation via the QBA states of QL-2 
for quantifiers. Therefore, we shall give a brief recapitulation 
of the corresponding fonnulae using the lattice algebra 
symbolism for quantifier states, which was developed in ALOG-48 
and lS -1 for QL-i logical relations. 

■ ( a). Formulae fo r the standard quantifiers V , 9 , . A , 

CjS-1 formulation via lattice algebra ) 

In IS-1, we had given a very simple formulation using 
a special designation of QL-1 states by lattice numbers for 
the implementation of the QL-1 


relation (as given in Kq.( 5)) 
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for any of the four standard quantifiers mentioned above. 

We shall first state this and then indicate how those formulae 
can be restated in terms of QL— 2 states* as we have developed 
for this report. Thus, using the lattice number q = 1, 2, 
and the SNS state number k = 1, 2 , a QL-1 quantifier q 
is denoted by (q, k) . The unary relation (3) can be restated 
in this fonn as 

(qa» » (fx 2 = bx) , — ^ (q^, , k^ , ) (28a) 

where 

* q 2 = 2 or 1 , (corresponding to V,3)(28b) 

An unstated assumption is made that the relation can have only 
a quantifier state q(i^Zx) corresponding to the SNS state of 
the predicate being T , or k^ = 1 . Then, the implementation 
of (28a) leads to the following: 

^a' "" %' ' Z(k,^) = s(k^,) ; = ( q^ , , k^ , ) 

(28c) 

In the implementation of the formulae in (28c), the SNS matrix 
multiplication is in the standard TVKF formulation and the 
lattice product involving the operator "into" can be stated 


as in (28d) : 

V = V 


9 = 9 


V = 9 , = A (28d) 
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(b^l Formulation for standard qua nti fier states using matrix 

algebra and QL-1 connectives ^ . 

¥e shall first generalize this formulation to the cases 
where the quantifier ^ of the relation, as well as the 
quantifier q^, of the input, can be any one of the four 
st ates V, 3.A,^ . In such a case^we first convert 
the statement containing the quantifiers-/^ s/id ^ into a form 
involving only 3 and V . Thus, 

(f x)(ax Z bx) = (Vx)(ax bx) (2ya) 

Cy\.x)(ax Z bx) ^ (3x)(ax Z^ bx) (2yb) 

Then, the theory for any of the four standard quantifier 
states for the input a'x can be formulated following the 
line of argument given below. ¥e first convert the GL— 1 
unary relation 

^'x , (^x)(ax ZCk,.-^) = bx) > — ( tr'n) 

into a formula containing a QL-1 A relation by inputting 
a'x "into" the relation within the brackets in (-'Oa), This 
consists of two parts. First we obtain the effective 
quantifier state of the input ajjx for the QL-1A relation by 
using the operator "into" which has been defined in IS-1 as 



in (30b) : 
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,Sz = (30b) 

Then the predicate oi fne CiL— "i relation C30aj is converted 
into a QL-1A relation with input a,^x ^ in the same format 
as the standard QL-1A unary illation in Eq.(l8)^as follows: 

^ Z(k, £) = bx I— ^ b'x (30c) 

The solution of (30c)) with the input in (30b) for alX) follows 
from Eq. (I9a,b,c) .as 

a.^x Z(k,^) = b'x (30d) 

(30e) 

As will be readily seen^Eqs. (30(d) and (e) are workable 
using the algebra already developed so far. The only equation 
that requires special considerations is (30b)j in which the 
operator occurs. V/e shall give below some considerations 
which indicate that this operator has many of the properties 
of the GL-1A operator ^ . 

Thus, for the two common quantifier states V and "9 the 
2x2 multiplication table for given in (2Sd) is identical 

with the corresponding table for A shown in Table 3(a) for AT'JD. 
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However, the similarity ends there. When the other two 
quantifier states and VV are input, we convert them into 
V(F) and 3(F) respectivelyj and the resultant input for tiie 
QL— 1A relation,in these caseS; are given by 

l/(F) V = VCF) , V(F) - 3(F) , 

3(F) » 3(F) 3- A(F) A (31) 

In obtaining "the equations In (3l)^we lollow the results 
for the operation ol QL— 1 AIvD (A) between the two states 
V, 3 occurring for q^, and » an<i 'the SNS "and" (^) 

Sz 

between the terms g* and/s(l) *1. The four equations in 
(31), along with the four in (28d), are all that are necessary 
for dealing with the classical quantifier states V, :i , A , f- 
for this problem. The effective 4x2 table for is given 

below. It will be noticed that it only uses the 2x2 

multiplication table for the QL-1A operator A ^ which is marked 
out in Table 2(a). 

4. Multiplication table fo r the ooerator "into" in 
a’x q^x B aJJx 



V/ 3 J 

V - V (T) 

3 = 3 (T) 

3 (F) 

§ B (F) 

V(T) 3(t) 

3 (T) 

3(F) A 

V<F) 3(F) 
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Therefore^, the QBA formalism for QL-1 unary implementation 
takes the following form: 

Denote ^ star for ^ ^ and 5, corresponding 

to/V and respectively. The unary relation (30a) is stated 
as follows; 

qC^a’x), q(^Zx)(ax Z(k,-^) = bx) l — » qC^b'x) (31a) 

Replace the relation by 

q(l^*x) (axZ*(k, -^) «= bx) (31b) 

where 

i2’=^,Z’=Z if q(^x) is unstarred, and (31c) 

- i^Z, Z’ = Z"^ if q(iZx) is starred (31d) 

Similarly, replace 

q(ia'x) by q(ia”x)(a"x) (31e) 

where 

^a"x = = T if it is unstarred, and (31f) 

_l,a''x x= ^a'x and a"x » F if it is starred (31g) 

Then, 

q(^"x) Aq(i^Z’x) = q(^”x) ; a" Z'(k, - b" (31h) 

q(ib'x) - q(ib”x) (b'*x) (31k) 
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AS will be clear from Table 4, the output b'x can have 
any one of the four standard quantifier states, and also 
have, in addition, the indefinite state A . We have purposely 
omitted the designation of the SNS truth value attached to the 
symbol A . This is because A(T) — A (F) — A (D) . Bor 
the purpose of the check for contradiction given in the next 
para, A used. 


It can happen that b" in (31k) is equal to X, indicating 

the contradiction a" V s(k) » X, when the corresponding vidya 

check between the input quantifier state q(ia*x), and the 

be found that 

quantifier q(^'x) of the relation, should be made. It will / 
this check also leads to the impossible quantifier state 
showing that the origin of the contradiction is to be 
ascribed to that between the input termyand the quantlfiei* 
state of the binary relation employed. 


This happens, for instance, with the input x)(a'x) 
into the relation (3x)(^ A(l,l) = bx) . Since ((|' x) is a 
starred state, it is replaced by (Vx)(a"x - F) using (31g), 

Then we obtain, 

CVx) A (^x) = (3x) - qCibOx) ; F A(1, l) - X » b^x , 

indicating contradiction (32a) 



KR-54 

•30, Dr aft “2 

28.8.86 

It is readily seen that the contradiction in (32a) arises 
from a" V s(k) in the form 

F V s(l) = F ® T -X (32h) 

which shows that the contradiction is due to the input to 
being F, 

the predicate I while the 8NS connective is 4(1, i) standing 
for a Ab, with which it is Incompatible. Also, on applying 
the QL-2 vidya check ^ as mentioned above^ between the 
quantifier states, of the input and the relation, we readily 
verify that 

i X 3 - (0 0 1) ® (1 1 0) = (0 0 0) (32c) 

Thus, we have obtaindd the theory of the unary relation 
in QL--1 for the four standard quantifier states. We shall 
consider the extension of this theory to the four other QBA 
st ates in the next sect ion, after giving a 

short account of the QL-1 binary reverse relation in the 


next sub-section. 



.31. 


MH-5m 

Draft~2 

28.8.86 


’ c ) QL-1 binary reverse relation leading to unary relation 

From the binary forward relation (21), the binary 
reverse relation can be defined as follows: 

q(^x) (|xZ(k,^) bx) = q(ic'x) (33a) 


In (33a), the binary relation on the l.h.s has q(l2x) - ^ or J 
and has » 1, so that ^ has only the values (1, l) and 
(2, 1). Similarly q(ic'x) when written in tiL-1 notation, 
in terms of these two quantifiers \/ , 3 , is (q^. , k^.), where 
q^ » * 1 or 2 and k^, = 1 or 2. Then, £q.(33a) becomes 
equivalent to the unary relations (33b,c) : 


q(iZ'x) (ac Z>(k.i') . bx) ; q(^'x)(bx Z'^(k. C) . ax) (33b.c) 
where 

5z ^Sc' ” 5z' ’ I' h t > according as k^,. 1,2 respectively 

C33d,e) 

The proof of these follows from that given In IS-i, by 

extending Its range from V. 3 , to all the four standard 
quantifier states. 
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5. QBA implementation of QL -1 unary relations 

(a) Statement of the problem 

This section reads continuously from the end of 
Section 3 (page 23). The unary relational equation in UL -1 
takes the following form: 

q(la'x), q(iZx)Cax Z(k, 4) « bx) | — ^ qCjb'x) (34) 

This can be rewritten in the form of a binary forward QL-1 
relation as in (35 ): 

^'x _^(k, S) b*x o £'x q(iZx) (35) 

In fact, using the notation for a binary reverse relation. 
Eq.(35) can be recasted in the form equivalent to (34) as 
follows: 

a'x (Z(k, -< 7 ), c'x) = ^*x ; c'x = q(iZx) (36) 

Essentially, in Eq.(34)^ we are given the SJMS unary relation 

within the bracket quantified by q(iZx) to be true^ and we 

asked 

are given the quantified term q( j^a’x) and to find the 

corresponding quantified term q(^b'x) which would make the 
relation true. In other words, what is a unary forvard relatio 
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is to be understood as arising from a QL-I binary reverse 
relation from the forward binary relation given in ( . r). I his 
is in the spirit of the definition of unary relat ions, in 
general, in BVMF, as arising from reversing a binary i-elation, 
given the state of the output term^and seeking to find out 
one of the input terms given the other. In fact, t;q.(36) 
expresses this explicitly by saying that we are given the 
input a'x and the operator ^(k, which, with a’x and b'x, 
would give the final output £'x, corresponding to the quantifier 
state q(iZx). 

The great merit of this way of formulating the j^roblem 
is that we can straightaway utilize the QL-1A theory in 
Section 2(b) for the forward relation^ and work oui^from the 
multiplication tables in Tables (2) and (3), the output l>’x, 
by deriving it from the input a'x and the resultant c’x. 

We shall illustrate this procedure in the next subsection 

, , tables 

and work out, in particular, the 3x3 / for the operators 

f T ) • There af ter , we 

shall work out the full 8x8 table for all the quantifier states 
in QBA and then indicate how the theory can be generalized 
to Z(k, £) from 2,( 1 , 1). 
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(b) QL-1A binary reverse relation for the generators of QBA 

The great advantage of using the generators as the 
basis for describing all possible quantifier states is that 
they form a set of orthogonal vectors in BA-3^ and the reversal 
of the results in Table 2(a— d) for the four matrix connectives 
A, 0^ can be done merely by inspecting these tables. 

The resultant tables for the binary reverse operators 

JEr- <r— 

A, 0, I, E are given in Table 5. We shall describe in 
detail the working out of these tables for A and E 

Considering row 1 of Table 5(a) first, the input a’x is 

V; and we are required to find out what will be the quantifier 

state of b,'x for which the output c,'x will be ^ ^ ^ , 

respectively. This creates no difficulty because each c' 

is produced only by one b' in Table 2(a) and the corresponding 

entries are the same in Table 5(a) also. In the same way, 

of it 

considering the third row/Table 2( a), contains throughout the 
entry ^ only for all three columns, in the body of the 
table corresponding to this row. Hence in Table 5(a), it is 
only possible to have c^' = (J”, and c* cannot be V/ or '2. ^ so 
that we have the entries 0, ii, A - i.e. neither b' *= ^ nor 
=* ‘2 can give rise to c^' « ^^'and any value, namely 
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^t.tes 01 inputs fo r all four type, ol' matrix 

connectives 


(a) A(1, 1) 


s 





V 

i 

$ 




A 




A 


Cb) 0(1, 1) 



(,CJ lK'\f V 


B 

M 

1 ^ 

V 

V 


1 

3 

A 


A 

(f) 0 


(d) E(1, 1) 


m 

V/ ;• 'J' 

5' 

V > 

5 A ■> 
cj. < V' 


* In the relation, a'x, q(i2x)(ax Z = bx) h- 4 b’x , we 
represent ^liZx) by c'x and the tables list the output 
b'x corresponding to the inputs (a’x, c,'x) for 2 = A, 0, I, E 
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The middle row is however not so simple to work out. 
Considering first a' » , c' « V , it is clear that 

Table 2(a) does not contain the generator state V in any 
of the entries in the middle row. Therefore, there is no 
solution to this combination in the binary reverse relation 

and this is indicated by the null set in row 2, column 1 , /Table 5(a) 

next , the . 

Taking combination a' = 1 , jc ' « 1 , the value of c’= 1 

occurs corresponding to both b' = V and b’ = 1 in Table 2(a). 

(a), 

Thei^fore, in Table 5/ both these are possible; which is 

indicated by the mixed state V ^ = 3 . In the same way, 

(a), x 

in Table 2/ the output 3? for c' occurs in the second row for the 
second column ( /V ) and third column ( $ ), both of which ai'e 


possible solutions. The Boolean sum of these two is once 


A 2 /\ ^ I '9) 

again vV'($ (BJV) = (0 0 1) (0 1 1) = (0 1 1) = A 


in Table 5(a). 
,/ This 


completes the description of Table 5(a). 


Table 5(d) is similarj and is in fact simpler to work out. 
The first and the third rows are automatic^ since there is only 
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one V 


alue of b* that leads to each generator state 1 


:or c ' 


and it is interesting that the corresponding rows 1 and 3 of 
Table 2(d) aiid Table 5(d) are identical. In fact, Ihi:. 
identity extends also to row 2, but the explanation ol tb.ls 


is not so obvious. Thus, taking a* = S and c* 


V y the 


latter occurs only in the entry A for , ^ ) in Table 2(d). 

Consequently, the first entry in row 2 of Table 5 is ; so 
also the third entry is ^ . On the other hand, in .'’(d)» 

^ is contained in all three entries in the middle I'oWj nnd 
all of them are operative for the reverse relation^ loading 
to from = i- — hence the A = ( V (|^ fp) in tiie 

middle of the second row of Table 5(d) . 

have 

Thus, it will be seen that we / only to pick out the 
corresponding generator states that are provided by eacli 
entry in Table 2 and rearrange them so as to get Table 5. 


This has been done for the other two types of matrix cofu'iectivos 

also and Tables 5(a-d)are the result. We shall show below that 

the complete 8x8 table for the four types of connectives 
also 

canj oe deduced from the 3x3 table for the generator states. 

In particular, the 4x4 table for the four standard quantifier 
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states will come as a portion of the 8x8 table, 

The method of deriving the entries in Table 6 from those 
in Table 5 can be very generally stated as follows. Suppose 
we wish to find ^*x of Eq,(56) given the data for 
a'x, ^'x and ^(l» 1) on its l.h.s. We express the quantifier 
states of a*x and b'x as Boolean sums of the generator 
states as in (37) below: 

^'x = (B cjCg^) , c'x = ^ q(gj)» gj_» ga *= generator (37) 
^ .1 ^ J states 

In Table 5, we have data for a'x (Z, £^'x) = b'x for the 

nine combinations (g^, gj) — namely pairs of generator states. 

In order to obtain the corresponding entry b'x for the 

^'x, 

mixed states/ c'x given in (37), we have only to list the 

pairs (gj,, gj) , (i, j = 1, 2, 3) which are present in the 

combination (a', c') , and make a Boolean sum of these^to 

obtain the output b'x as in (38) : 

tD 0 q(gi) (Z^, q(g^)) b'x (38) 

1 j 

We shall give the full tables and show therefrom that 
a theory of QL-1 relations based only on the four standard 
quantifier states is inadequate to completely w^o^^^ 

8x8 tables for all the QBA states* ■■ 
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T 6. Fun fixe tables for QL -1 unary matrix c on nectives 


(a) a’x (A, c 'x) »= b*x 


c * 


3 

.A 

f' 


A 

.V /I 

y 

u 

3 

A 


<r 

A 

a 

3 


0 

A 

A 

-J 

A 

A '/ 

A 



A 

A 

:J 

A 

A * 7 : 

§ 


0 

A 

A 

0 

/\ 

A <0 

1 

0 

3 

A 

A 

3 

A 

A 'A 

A 

V 

3 

A 

A 

■3 

A 

A 0 

(9 

V 

3 

A 

A 

£ 

A 

A 0 



96 

0 


0 

0 

0 0 


sA 

= 

. 






(b) 

^'x 


c 'x) 

= b 

✓-s«/ 

'x 



\f 

3 ' 

A 


£. A 

0 0- 

V 

A 

A 

0 

0 "' 

0 

A 

A 0 

3 

A 

A 


0 

A 

A 

A ^ 

A 

3 

A 

A 


A 

A 

A ./* 

$ 
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3 

A 



A 

f) / 

£ 

3 

A 

A 

0 

A 

A 

;J </ ’ 

A 

A 

A 

A 


A 

A 

A 0' i 

0 

A 

A 

A. 


1 

A 

A 0 

1 0 

1— - 

0 

0 

0 

0 

0 

0 

0 0 



= 

. 
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(c) a*x (I, c*x) = b/x 


a'\ 

.-=1.- - 'N 

V 

3 

A 


£ 

A 

0 

0 

V 

y 

d 

A 

f' 

1 

A 

0 


d 

3 

A 

A 


A 

A 

A 


A 

A 

A 

A^ 


yv 

A 

A 


$ 

A 

A 



0 

A 

A 



3 

A 

A 


A 

A 

3 

5^ 

A ■ 

A 

A 

A 

f! 

A 

A 
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( c ) QL-1 unary relation for all eight states of QBA 

As mentioned above, the binary reverse relation 
obtained by reversing the binary forward relation (39) is 
completely equivalent to the standard QL-1 forwarci relation 
(34), in the form of Eq.(36). In Tables 5(a-d)_,we have lir.ted 
in tabular form the output of the unary relation corr^>sp< >n<i ing 
to the inputs q(^a'x) and q(^Zx) having one or the other' of 
the generator states, and indicated in Eqs (37) and (3b) the 
way in which these tables can be extended to obtain the 
corresponding 8x8 tables. These are shown in Table 6(a-d). 

Vie shall describe below some consistency checks that C£m be 
made on these tables^ which will assure that they agree with 
standard logical expectations which can be worked out from 
considerations. At the same time, it will be found 
that it is not possible to define the state there exists, 

but not for all" as 3 ® W carry this through lor 
>-he unary relation as well — the meaning of this will be 

lear as we go along. On the other hand, both ‘J and .A c.'in 

be defined in terms of \/ . i ^ n i 

» ^ . J- ao suitable boolean sums 

Of the generator statea, and this can he carried through 

Without any difficulty. In other 


words, we shall show that 
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the algebra requires apriorl definition of the three QBA 
generator states and their properties. 

(i) Logical checking of Table 6(a) for ^ 

Taking the first row, it is obvious that, if one of the 
inputs in the QL-1 forward binary relation ^'x 
is a^*x = V , then the output ^bc determines the nature of the 

* X 

other input/ completely, so that the entries in the first row 
correspond completely to those in the top of the table. 

The second row corresponding to a/x =3 is rather 
interesting. The first two entries for (3 ,\/) and (3 » ^ 
namely V and 9j for b'x , show that the output of the unary 
relation q(i2x)(ax A = bx) depends only on the quantifier 
state of Z = c^*x and not on that of a'x . To make the 
position clear, we shall consider the following two examples. 

(3 x) ( sx) , (Vx)( sx A ix) x)(ix). s = student 

“ i = intelligent (39a) 

and 

(3x)(sr), (3x)(sx A ix) \ — >(3x)(sx), f ~ (39b) 

= = = = ■ 1 = intelligent 

V A 

It will be seen that the input , namely ' there exists students 


does not at all determine the output of the relation containing 
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a conjunction; because the conjunction itself is 
statement saying that (V'x)(ix) is true in ( 
xs true in (39b) » So also, in the firsv r*-'** > 
corresponding to (\/ ^ takes a similar form 


a declaratory 
rn(i ( ■' x) i ix) 


(Vx)c sx) , (3x)(sx A ix) 1 — > (r3x)(ix) ( •■' <(') 

As is nomially noticed, in most treatments on ,1.-1 
statements the quantifier of the input is suitably absorlie<l 
into the quantifier of the relation so that one wvHj.lti find 
that the output for (39c) is the same as given therein while 
for 39(a and b) they are (Bx)(ix) and (Ax)(ix) respectively 
(See f1R-54, MR-45 etc .) On the other hand, an r*x.‘imlnatlon 
of the strict meaning of the quantifier as defined in ALU;-*X) 
indicates that the assertion mentioned above, of the conjunction 
in a quantified statement^ is mandatory and indicate the 
conclusions given in Table 6(a) can all be verified by the 
resolution method of checking theorems. Therefoix.*, this 
table can be taken to be the correct formulation nf .jL-l statements 
according to the definition of a quantifier state given via 
SNS relations in Section 1 and Table 1 of ALCXJ-50. 
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•A 4. 

first column 

The entries in the in rows 3 and 4 readily follow 

since a 

from the above considerations, / the inputs a^'x = -/b. and 



corresponding 


toCA , d) is rather interesting. While it is derivable 
from Table 2Ca) for the generator states, it is not obvious 
at all from Table 3(a) containing the standard quantifier 
states^ unless those data are reinterpreted in terms of the 
generator states. However, the fact that 


CAx)(a'x), (3x)(axA = bx) l — > (dx)(b*x) (40) 

can be shown to be valid from first principles. We shall 
give an example first and then indicate the derivation via 
the symbology 


Consider the following statements. 

(5 x;) ( I d'x) ^ Some members are not doctorates (41a) 

(3 x)(d' X A e'x) =: There are some members who are both (4lb) 

doctorates and executives. 

It will be seen that the former statement (4la) does not 
influence the conclusion that 


(3x)(e'x) — Some members are executives 


(41c) 
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This is the maximum that can be deduced about executives 

from the two statements (41a, b) . In essence, the conjunction 

IgQ/js strai^ihtaway to the conclusion, independent of any 

statement made about the input (in this case doctorates), 

unless the input is contradictory to the conjunction. An 

examination of columns 1 and 2 of Table 6(a) shows that, 

in fact^this is fully satisfied. All entries In the flist 

column are either V or ^ and all entries in the second column 

are- either 3 or ^ . In both cases, the impossible state 
/ and only if, 

arises If/there is contradict ion between tbje input ana the 
relation. 


It is interesting that a detailed logical examination 

leading to these results are automatically taken into account 

and the quantifier state of the conclusion given straightaway 

in Table 6/ by deriving these, using the?\n Table 5(a) for the 
alone. 

generator states/ This is the great merit of the h/VM 

4 , , (in this case OBa) 

ormallsn, in that the Boolean algebra/incorporates the 

essential logical ideas, and, thereafter, one need not check 
the progress of the argument, and the conclusion can be worked 
out purely in terms of algebraic manipulations. 
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(a) 

Columns 3 and h of Table 6 are however different. 

This is because the quantifier states J\ and for cjx are 
to be interpreted as leading to the QL=1 relations 
(3x)C — ) 2 ' I ( V x) ( } ax 0 bx) respectively, 

following from the equation A^(1» 1) ^ 2^^» • Since an 

0-type relation is implicational, there can never be any 
contradiction, and this is indicated by the absence of the 
state in these two columns. It can also be verified that, 

corresponding to the above formulae involving disjunctions, 

the relation 

0, (42) 

is satisfied by all the entries in these columns. In other 
words, without ever positively stating that the logical 
connective 0 of disjunction is -operative in these cases, 
the BVM formulae take care of this fact, and the logical 
property is incorporated in the entries, by expressing the 
quantifiers in QBA, and reversing Table 2 to obtain Table 5, 
and hence obtaining the data in Table 6. 

It will be seen that the first four entries in rows 
5, 6 and 7 for the inputs ^ * Q respectively, can be 
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implication via disdunctions and therefore no fresh coniinents 
are needed for Tahle 6(c) . 

Table 6(d), on the other hand, is invariant uruier the 
transformation mentioned above which carries over t.(a) to 
6(b).j and therefore another table cannot be derived J y 
interchanging the truth values T and F from rnble f>(d) . 

Its properties are fairly clear, except for the comment 
mentioned earlier regarding the non-permissibility of r:q.(^3a) 
in gene ralj which will be commented upon below. Otherwise^ 
(43b, c,d) hold equally well for Table 6(dJ also. 

(ill) Comments on the right hand half of Tables 6(a--<i) 
and occurrence of two inconsistencies in each . 

Exactly similar to (43a~d),, one can obtain (44a-ci) below 
by taking Boolean sums and products of tiie four standard 
quantifier states, at the top of the table, to obtain the 
remaining four in the right half. 


b • ( q( ^ , 1 ) 

b' (q(i) , 3) 


b* (q(i),./\) 

(448) 

(q(i),A) 

b' (qCD.V) 


(q(i),A) 

(44t)) 


b' (q(,i),3) 

a 

fe’ (qU). i' ) 

( uMc] 

b' (q(i),0) 

fe’ .V ) 

CD 

b/ (q(i) , $ ) 

(44d) 
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It can be verified that all these equations are readily- 
satisfied for the upper half of each of the tables 6(a-d) . 

We find an inconsistency only in the bottom right hand quarter 
in each of these tables. We shall first mention thesey-and 
then give a possible explanation of -why they occur. Thus, 
taking Table 6(a), the entry for b*(^. ,0) can be obtained 
in t-wo -waySjby combining two of the equations in (43a-d), and 
(44a-d); as follows: 

b'(^,Q) = b' (^,'c/)63 b* (^.,$) W (45a) 

b*(l ,0) = b' O ,0) ® (A, ©) = A ® A « A (45b) 

It Is obvious that (45a,b) do not agree « Only the former 
agrees with the correct value TV, obtained from first principles^ 
using the generator states V » ^ and . Since the latter 
employs the Boolean product, some difficulty associated with 
the failure of either the commut ational^ or the associative^ 
properties of the Boolean sum and product has intervened in 
producing the error. 

In fact, a similar difficulty arises also for b’ ( 0,1.) 
of Table 6(a), where the formula with the Boolean sum is correct^ 
while the Boolean product leads to a wrong value. Also, the 
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implication via disjunctions and therefore no fi'esh comments 
are needed for Table 6(c)* 

Table 6(d), on the other hand, is invariant undei' the 
transformation mentioned above which carries over t>( a) to 
6(b),j and therefore another table cannot be derived by 
interchanging the truth values T and F from TaVile f)(d) . 

Its properties are fairly clear, except for the comment 
mentioned earlier regarding the non-permissibilit y of Kq.(43a) 
in general) which will be commented upon below. Other-wise^ 
(43b,c,d) hold equally well for Table 6(d) also. 


I jrM). Co-gpents on the r i ght hand half of Tables 6( a-d 
3^^ occurrence o f two inconsistencies in each . 

Exactly similar to (43 a-d)., one can obtain (44a-d) below 
by taking Boolean sums and products of the four standard 
quantifier states, at the top of the table, to, obtain the 
remaining four in the right half. 


b- (q(l), 1) = (q(i), -3) ® 

b' (q(i),A) - b' (qdJ.V) O 

= fe' (q(J).-J) ffl 

b' (q(i),0) - (q(l)_y) 

( , 


b* (q(i),./\) 

(44a) 

fe’ (q(i)»A) 

( i£t4b) 

fe* (q(l), .1* ) 

( 44c) 

<q(i), $ ) 

(44d) 
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same difficulty is found in Tables 6(b,c,d) also. Of these, 

the problem" in Tables 6(b) and 6(c) is not novel, since we 

iiavc ssliuwii auvvti uiisiu '-xis uiiree taoiss o‘^a,D,c; are inxsr=related 

However, the one in 6(d) is worth noting, As a matter of fact, 

the same type of trouble is noticed even in Table 2(d), for 

the output of the QL-1A binary forward relation a,'x E b'x = ^ 

This had been noticed earlier, but was not commented upon as 

it was a single exception in Table 2(d), while this did not 

happen in Tables 2(a,b and c)'. Now that it arises in all the 

tables in 6(a-d), it must be considered to be a serious 

be noticed that it arises 

difficulty. It will/out of the fact that the resultant output 
is for a relation, in which the generator states of the 
quantifier terms are combined with one another both by the 
Boolean sum and the Boolean product, and the latter is applied 
after the former is applied. On the other hand, if 1. is 
taken as a generator state, and the Boolean product is not 
employed between 3 and -A- for working out the properties of 
^ , then no inconsistency arises. 


The above considerations will indicate that the theory 
of logical relations in QL-1 should be formulated in terms 
of the generators of the BA-5 algebra of QBA) rather than 
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based upon the two standard quantifier states V and and 
representing the other two quantifier states and 'f' in terms 
of them, and then obtaining aii possible quantiiicr states 
in terms of these four. The difficulty mentioned in the pi'evioug 
subsection is quite serious, and it cannot be assureti th,Ht 
a general statement in QL-1 is correctly worked out if it is 
implemented only in terms of the four standard quantlfi»‘r 
states. However, the use of the Boole£Ln sum to give the 
properties of a mixed state from those of the genetator state 
is such a fundamental and basic principle in bVMF, that there 


can be no difficulty , if this is adhered to all throughout. 


j d) Implementation of OL-I una r y relations for g<k, f*) 

So far we have only considered the utilization of the QL-1 
connectives a(i, 1 ) , 0 ( 1 ,' 1 ), i( -i , i) ^ woi'klng 

the output of a QL -1 unary relation. We shall now extend 
this for a general Z(k, 6) as follows: 


Consider the relation 

a’x, q(iZx) z(k, S) = b x) 


b'x 


(^»6a) 


Denoting the quantifier stat^o*? nf +v-.o < a. , , 

the input, tte connective 

and the output by q(ia'x) , q(ic’x) and nMa» 

^ 4V-LC x; and qCJb’x) respectively. 
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this takes the form 


q(ia*K:) (^(k, , q(ic’x)) = q(;jb'x) (461)) 

The implementation of (46h) is done in three steps as follows: 
Calculate 

q(ia"x) = q(^a'x) or q(^a’x) , according as k = 1,2 (47a) 

q(ia"x) (Z(l,l), q(^c'x)) = q(^"x), ^ S-* 5 (47b) 

q(jb'x) = q(jb’'x) or q(o^b"x), according as 6 = 1, 2 (47c) 


In “this way, the output ^*x for a general qD-i relation (46a) 
can be worked out for a given input a'x . 


(i) Consistency check of the input against the relation 
and its consequent modification 

We have not considered so far the interaction of the 
relation on the input in a general manner, except pointing 
out that; under certain conditions, the two may be contradictory, 
when the output ^’x becomes the impossible state ^.) . When 
this happens, a consistency check must be made between the 
input and the quantifier state of the relation, involving 
both the actual quantifier state q(iZx) and the SNS state s(k) . 





KR-5,4 
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Following what was discussed in the earlier sect ion;-., this 
takes the form of the vidya check (48b) below. Leline 

q(iZ'x) » a(iZx) or q(l^x), according as k ■ 1 or 2 (48a) 

Calculate the vidya product (48b) for the left halt of tfie 

4x4 sub-table in Table 6(a) for ^ » A and r.l-i-s of Tables 

6(b) and 6(c) for ^ « 0, or I , to give the revised input qClja^x); 

q(^a'x) y q(yZ'x) «= q(ia^x) (4ab) 

, it confirms the contradiction as at'lsing 
from that between the input and the relation. If it is not 
equal to ^ , but different from q(ya'x), the revised state 
q(^a^x) is the net resultant of the information contained in 
both the input and the relation. Otherwise, there is no need 
to revise the input. 

This possibility has been worked out in detail for the 
left hand top 4x4 sub-tables of Tables b(a-d) and are i'lven 
in the footnotes to these tables. For all other entries 
in the sub-tables .there is no need for a revision of tiie input. 

6,. Multiply quantified relations in QL-1 

In the previous sections 3 and 5, we have given the 
formulae for the implementation of a QL-1 binary forward 
relation, and of a QL-1 binary reverse relation, which is 
equivalent to a unary relation. Theae were for a single 
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elementary relation in one variable x. In this section^ 
we shall extend these fonnulae to multiply quantified QL-1 
ralations. both of the binary forward and binary reverse 
( un^yj relat ions . We shall not describe the procedure to 
obtain the essential formulae^ which follow from the corresponding 
formulae in the two sections mentioned above. 

(a) Unary relation 

The problem can be stated as follows: 

Given the multiply quantified relation (49a) and the inout 
in (49b), we wish to obtain the output in (49c): 

Relation 

q(_^x) qilZy) ... q(^Zv) (axy ... V Z(k, -^) = bxy ... v) (49a) 

Input 

q(j,a'x) q(^a’y) ... q(^a'v) (a'xy ... v) (49b) 

Output 

q(^b'x) q(^b'y) ... q(^b'v) (b’xy ... v) (49c) 

The procedure for this is to obtain each one of the quantifier 
states in the multiply quantified output, from the corresponding 
quantifiers in the input, and the relation, and then combining 

them to obtain the output. Thus for u = x, y, . . . , v , the 
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following formulae (50a, b,c) give the q(jb'u),from ,.;(ia-u). 
q(j^u) and the relational matrix Z(k, ) , employing' the 


ccnnec oXve 


J I *T| 

' f 


» / 


xii0s© "cnir©© 0^14^^ ions follow 


completely from (47a, b,c). 


q(ia"u) = q(i>a'u) or q(^^a' u), according as k « 1 or ? (50a) 

q(ia"u) (Z,(1 , l),q(l^u))= q(^b'’u) (50b) 

q(jb'u) «= q(0b"u) or q(j^"u)) according as ^ » 1 or 7 (50c) 

, 0 ^ — * 

It will be noted that we take both a* and b* forming the 

353 ! m f 

predicates of the input and the output) to have the oNh state T 

two terms 

and all the information regarding the/ quant i 1 ied / is contained 
in (49b) and (49c). 

It is implicitly assumed that all the variables x, y,,..,v 

are the same for the input and the output and that all arts 

present in both of them. We only generalize from a single 

variable to multiple variables. The extension to multiply 
terms is 

■quantified/ straightforward for the unary relation; but it 
requires some extra manipulations for the binary relation, as 


given below. 



(b) Binary for ward relation 


. 57 . 


MR-54 
Draft- 1 
13-9-86 


In this case, the relation has a form which is a 
generalization of Eq.(2l)^and can be stated as in (51a- e ) 


Inputs 

a' “ q(^a'y) ... q(ia'v)(|'xy ... v) 

=> q(ab'x) qCob’y) ... q(jb*v)(b’xy ... v) 

Relation 

q(^Z)(a Z(k, •^) b = c)', q( ^) = q(^Zx) q(^Zy) 

Output 

c^' = q(^'x) qCix'y) ... q(ic'v)(c’xy ... v) 
and t(Z I a' , b') 

S3 M 



Just as for the unary relation, we first calculate 

each fixjin them 

t(u) for/ u = x,y,..., v and then obtain / the resultant 

( 51 e) full 

truth value/ of the/ relation for the given inputs as given 
by (51e). This is done as follows. For each u calculate 
(52a, b,c) : 


q(ia"u) »= q(ia'u) or q( i^a ’ u) , according as k = 1,2 
q(^"u) = q(^'u) or q( j^b ' u) , according as 1,2 

q(^’'u) 01, 1) q(jb''u) = q(0:'u) 


(51a) 

(51b) 

(51c) 

(51d) 

(51e) 


(52a) 

(52b) 


(52c) 



56. 


Mil— 34 

13-9-86 


Thereafter the values of q(ic'u) can be taken over to ,'.lve 
the output o' in (51d). In order to calculate the truth 
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t(q(iZu) I q(ic’u)) = t(u) , u - x, y, . . - , v 

rv 

t(x) A t(y) ... A t(v) ss t(Z j a ' , b* ) 


(53a) 
( 53b) 


In this way, the formulae for a single variable QI.-1 ! inary 
relation^devel.oped in Section 3) can be extended for a multiply 
quantified relation-also. The possibility of negated multiple 
quant if ierj either for the relation) or for input term:-) is not 
discussed in particular. So also, the checking for contradiction 
in the case of unary relations is not described, both theuse 
follow the principles adopted for singly quantified uL-1 
relations^ and are extendable, following the lines adopted for 
a general multiply quantified QL-2 relation . 


In the same way, the occurrence of absent variables ruK! 
non-quantified variables is not discussed here. One aspect 
of this is considered in the following section dealing with 
xnterconversion of QL-1 and GL-2 types of relations which is 
highly relevant for first order predicate logic ~ for Inst since 
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into its prenex normal form. V/e shall indicate in 
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is generally implement able , using_jQL-2' formalism, 
states for quantifiers. 
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(c) Interconversion of QL-1 and QL-? fox-ms of relations in 
•predicate logic 

(i) Case with one tdrm without variable 

First v.'e shall prove the followin'; formulae. 

q(ix)(ax Z b)= q(ix)(ax) 2 b , 2 = A(1, 1), 0(1, 1), E(1 , l) ( ia) 
q(ix)(a Z bx) ” gZ q(_^x)(bx), 2 = a( 1, 1), 0(1, l), E( 1 , l) (54b) 

These aie well-known foriiiulae in stnnuard predicate logic, 
and are proved for a and b having BA-1 truth values. Me 
shall extend the proof to BA-2 truth values and to states 

for q(^x) . Tn this case, va need prove tiieni only for the 
three generator states i = 1, 5, 5 for q(ix) in (iBa) and (34b) 

respectively. These genei ator states are defined in Table 1. 

'.'e therefore assume the equivalences 


( \/ x) (q>:) ^ 

CB ax = T for q(p < ($_x)(ax) — 

^ (ax) 

= F for q(j) 



X 


(i.x)(g>:)^ 

ax = D, but not T or F for 

q(p 

(55n,b,c) 


These are : A-3 definitions of the dPA generator states V * ^ 5 

standing for TT , SS, FF in column 6, which are given, however, 
in BA-2 language, as in column 5 of Table 1. 



I> r- ' ; 


, 60. 

V/e shall consider each of the three .rent ....oi 
separately for hq.(5^s)* 


q(l) = (\/x) 


A(1, 1) 

In this case, the l.h.s and r.h-s of 

(ax A b) = T, and (ax) A b = T 

= = “ X 

respectively. Considering the former, every (ax A b, 
and therefore every ax and b are both equal to 1, 
in the latter, (ax) = T and b = T . so that it i;. al.v-o 

X 

Thus ( 56 b) follows from {:>6a) 


Vice-versaj ( 56 a) also follows from ( !:>6b) ^ bee nunf (•' 
require^ that b = T and every px = T , no that fver-,v 
ax A b = T and (56a) follov.'s. Hence v/e the eqtiiv,->l<‘r.rr< 

(Vx)(ax A b)” (Vx)(gx) A b , for q( 1,) 

Q(1, 1 ) 

In this case, we have, similar to (56a, b), the equ -tt 

(ax g b) = T and ^ (ax) 0 b = T 
X- x==“ 

hov/ever, b is not necessarily equal to T j and there f or*/, j 

v/e shall consider the two possibilities of b *= T and b = 


♦ •tjicnl ly, 
vnliU. 


( •• 7'ut) 


( 

F. 
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b = F : Eq.(58a) demands that every (ax 0 b) = and, 
since b = F every gx = T , so that ® ax = T in (58b). 


J 01150 qusnti JLy , V j is oousX uo 


T, and (58b) follows from 


(58a). yice-versa...._assuming ("8b) to be true and ^ it 

follows that © §x = T so that every pc = T . Conseouently 

X 

every (ax 0 b) = T in (58a), and the multiple sum in (58a)' 
is also T, and (58a) follows from (58b) niaJcing the two equivalent 


= T : In this case, stai'ting from (58a)j since every 0 b) = T 
and b = T , pc can be T, F or D so that 0 |X = T , F or D. 

X 

Hov/ever, 0(ax)O b =(T, F, D) 0 T = T . so that (58b) follows 

X “ ~ ~ “ 

from (58a). Vice-versa, starting from (58b), since b = Tj 

pc = T, F or D j so that every pc can be T , F or D. However, 
for every X , (pc 0 b)= T so that ( pc 0 b) = T making (58a) 

X " ” “ 

derivable from (58b). 


.’hus, for both b = 8 and b = T , (58a) and (58b) are 
shown to be equivalent in the form 


( V ^) ( spc Q ]2) (V x;(ax) C b for q(l) 


( 59a,b) 


2 ( 1 , 1 ) 


The argument is somewhat different in this case. In (5Aa); 



6 : 


tlie l.h.s and r.h.s become 


©(ax E b) = T 


® ( 


ox) 


rlere acain , we 


consider the two Cvoses ^ ■; " - 


t = T : For this, (60 a) demands that every ax =- I' ; 
^ ax = T , which, along with b = T, leads to (h£,l') : 


V ice-versa ) if (60b) is true. 


ax T , so t‘Vfdt* 


and every ^ ; leading to (bOa} true* 

d = F : For this^(60a) demands tlieit every £ix ^ Mi. t 

gx. = F^ which^v/ith = F^ leads to ( bOlO l*e iiif, IM V ic **-**Vf,» 


if (60b) is T, then ax = F, v/iiich re* quires ovt^r\ 

X “ 

so that every (ax E b) = T ^ and (60a) is sat ir fled. 1 1 ; t 
case also^v/e obtain the equivalence of the r.luf* 'irel 
( ? h a ) ill t lie form 


( V X } ( ax E b ) -= ( V X ) ( , 


h( - ) = d x) 

The above arguii.ent in connection wuth C V ; f -.n 

taken over with suitable modifications for this r, It v. i 1 J 

be found that for A(1, 1), can be T or F , oxtd in c-ither cane 

me proof for this case for 1 , i) and 0(1, 1) in Tr<.l,,ah!y 
not valid and requires modification. Consequent ly , U.,.- ; .-nu ral 

.neory in tins ^ section (c) stai'ting from page 59 noodn c:l.ar.,,es. 

q It IS since tl-ie arguments in the iw'vioion have 
c.iisen out of the ideas v/ritten here. 
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(4x)(^ ^ = (2 >c)(^) A b (62a, b) 

is satisfied* I:ov;ever, for Q(i> l)^it v/ill be seen that ^ since 
requires that 'tIO’ |x = F so that every ax is F, 

X 

^ can only be Fj v/hether the l.h.s or the r.h.s is taken to be 
valid ^and the other side follov;s unequivocally. 

id, 1) • 

to that for q(;l). 

The argument is very similar/ with the difference that 
b = F aiid b = T exchange their roles, and the former proof for 
q(l) is valid for the latter case of q(j)^ and vice-versa. 

In either case, it follows that 

($ x)(ax E b) = (^x)(ax) S b (63a,b) 

q(3) = (i, x) 

4(1, 1) 

The l.h.s r.nc r.l'.s of become as follows: 

(ax A b) = D, but not T or F ; 

X 

(ax) ’A 


b 


1, but not T or F 


(64a,b) 



. 6'f . 


r.ift-3 

Corisidering- (64a} first, since the nultiplo ..urn : , 

there r.ust hd at least one x for which (gx > - i i -".ti li.at 

there is at least one x for v/hich ax = 1 , .-hm •' — • 
absolutely. Consequent ly^ in (64b); » h, : u t. f t>t . r i- 

and b =T, so that the conjunction of tlie two luL i;ot 

T or F as required. Thus (e'hb} follo\>'s fron: (64a). 


Vice-versa; if (64b) is truCj b cay be T cv F , '< ut ; i x'ce 
the conjunction is only D, but not T or F, b raxanot ^ F, ;:o that 
as in the above argument b = T. Then .at It'ant. one .ix - 
and one gx = T , v;hich requires; in (64a), that at I'-ar.t: orse 
(ax A b) = T and one (gx A b) - F, wliich is th«* :u- r rv 
condition for (64a) to be true. 


Consequently we have proved the c-quivalence 
in the form 

(lx)(|x A b) = (l_> 0 (ax) A b 


: V 


F t'h 


e(i. 1) 

The above argument f or 4( 1 , i) can bo modified 
case, and it will be found that b can only be F, c-nd 


.foi- *. ..is 
all tiii'.' 


rest ef the argument Is valid, so that we get tie. e.,ulv aler.ce 
(lx)(ax Ob), (g x)(ox) 0 b . 
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V/e have for l.h.s and r.h.s of (54a), 

( gx E h) = D but not T or F ; 

X “ “ 

(ax) E b = D, but noi; T or F (66a, 

X 


(66a) requires that at least one (fx E b) = T and at least 
one ( ^ i i) = F. Here} we must consider both 6= T and b = F, 


^ = T : Then at least one ax = T and at least one ax = F, 
so that ax = D, but not T or F and (66b) is satisfied. 

X “ 


i = F : Once again^ at least one ^ = F and at least one 
^ = Tj v/hich is equivalent to what v/as derived above* so that 
§x = D but not T or F, and the r.h.s of (66b) is satisfied, 


Taking (66b) v.'e again consider the two cases b = T and F, 
h = T Ti-is require that §x = D but not T or F so that 

-er 

at least one ^^x = T land at least one ax = F ^ which brings 
the same condition for (ax ^ 'b)^ so that ^ (ax A b) = D 

X - - - 


but not T or F^ as in (66a). 


b = F : As in the previous case,, this also reduces to the 


same proof , and (66a) follows from (66b). 



. 66 . 


Conseauently, for E(1, 1) also {l,x)i(iy. 


4 


Ifi.ar 


( ^ . 


C:.x) 


ft 


Thus, for all three connectives A( 1 , l), fH i , ■•v l, 1} 

we have shown the equivalence of l.h.s and r.h*.;:, nl for 

the three generator states > q(^) ‘i(' v.nich 

algebra of 

it follo-ws from the BA-3 / Q3A that the equiv.-aejXf al..o 
for all the 8 QBA states. 


from that of (^Aa), 

The equivalence in (54b) follows / from tiie coiniaul. ;^l.iv«• 
property of all the three connectives^ which is obvionr. from 
the symmetry of their 2x2 matrices! 


A(a 1) 8C1, .) 1) . 

T 4 . 1 , ^ ^ ' this 

It should be noticed that does not holtl for I(1, 
matrix is not symmetric, namely 




(67a) 


1 ) v.'hnr.e 


1(1. 1) 



/ V J 


In fact, (54a) does not hold for I(i, 
(see below). 


1 ) 


X t. 4, i O Li 1 1 ^‘4 (, ^ 


The extension of (54a,b) to Z = I 


can be done from the 


definition of I(i, f ) 


as 


£ ^ = ■^ix 0(1, 1) 


( 60) 



Then, using (54a) we have 


.67. 
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q(ia.x)(ax I b) = q(iax)(-n gx 0 b) 

= q(iax)(‘nix) 0 b = *=1 q(i^'ax) 0 b ^ q( i-^ax) ( ax ) I b (69) 

In standard s 3 rTnbolSj it leads to the two well-known equations 

(\/x)(ax =» b) S (”3 x)(ax) b ; (70a) 

(3 x)(gx ==^ b) S (\/ x)(ax) b (70b) 

In a similar manner^ (54b) leads to an equation similar to 
(70)^ but of the form 

q(^bx)(a I bx) H a I q(^x)(bx) (71) 

£ . 

v/ith no i*^ as in (69). Therefore^ in standard notation, the 
formulae obtainable from (71) are 

( y x) (§ bx) = § ==^ ( V x) (bx) ( 72a) 

( 3 X ) ( a bx ) = a ==^ ( 3- x ) ( bx ) ( 72 b ) 

In the above derivaation of (54a) we have assumed that 
b is an ShS term not associated with a variable. How'ever, 
the exact condition for this equation to be valid is slightly 
more general and can be extended even to a quemtified term 
q(oby)(by) . This is considered in the next subsection. 



*68. r.-ift:— p 

■‘-.lo.pf-; 

(li) Case with both terms having two different v r, . 

The extension of formulae (5^fa) and t. > ‘hi.*; , »‘rioral 

case is straightforward, and we shall first rive t!ie f ox'jiiul 
before discussing their properties. 


q(iax) q(^by) 2 by) H qUax)(ax) Z q(dby}(ly), 
2 = A(1, 1), 0(1, 1), E(l, 1} 

and equivalent to 
JO 

q{i sx)(|x) I q(iby)(by), for Z = I(l, i) 

^ — rr 5E ’ ' 


(73a) 


( 73b) 


Put in this form, the proof of (73a) looks very simple, in that 

each quantifier having the variable x.or y, as the case may be, 

binds the corresponding term ax, or by, inside the bracket ri.c 

this condition is made possible by the eoneral definition 

oi the quantifier state as a multiple sum in (-.a,b,c). Tlu- 

rcason why the operation does not hold for I( 1 , i,, ,,, i,, 

evident in the derivation of ffc-s t 4 . 1,4 

- ...q.aS;, in this, ax I b »-iax Ob 

•>« Ss ww, *122 jj» 

for the SNS term |x^ and q(iax)(^) i b „ *^1 q( l;^ax) ( nx) 0 b 

for a QL term ^ with i different -r 

from i . fact, this difference 



69. 


m-54 

Draft -2 

4.10.86 


arises because the negation of a quantifier is different 

in f 

from the negation of a predicate and / q(ix)(' lax) = ^q(i'^ax), 

.-v 

& 

i is different from i. Consequently, q(iax) in the l.h.s 
of (73a) becomes q( i'^x) in QL-2 form (73b). 

(iii) Interconversion of QL -1 and QL-2 forms of statements 
in predicate logic 

As in the case of the ShS term b not associated with a 
variable, it is implicitly assumed that the quantified term 
9 (_^ 6 )y) (by) does not contain the variable x in an unbound form. 
This is an essential condition for the quantifier q(^ax) 
to be capable of being taken inside and outside the bracket 
in (73a). Therefore, each quantifier q(^ax) , q(lJDy) 
respectively binds the corresponding term in the predicate 
within the bracket. In this method of formulating multiply 
quantified CL-1 statements, vre assume that the exact sequence 
of the quantifiers is not important, and that the quantifier 
corresponding to each term v/ithin the bracket is automat icail}' 
selected by the equality of the variable associated \v/ith the 
bNS term and its corresponding quantifier . On the other 
hand, the logical relations between the terms in the predicate 
should be satisfied by the sequence and the occurrence of 
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brackets in the description of the predicate. V.'ith these 
restrictive conditions, the quantifiers can be freely taken 
inside and outside the bracket containing the predicate, rax- 
the connectives A{l, 1), 0(1, 1) and |(l , l). Therefore, 
if implications occur, the best method of converting a iJL-1 type of 
relation into a QL-2 relationjin such cases, is to convert the 
implication into a disjunction, convert it to the other type 
and change it thereafter into the implication form, as shown 
in (69), and employed in (73b). 


We shall briefly indicate the validity of the extension 
of the ideas in the previous subsection (i) to the equations 
contained in (73a) where by is a quantified term. To show 
its correspondence to (54a and b) we shall wTcite them as Vielow 


q(iax)(ax Z by) =q(iax)(|x) Z by 3 ax Z tjy ( 7 /, a) 

q(oby).(ax Z by) H ax Z q(2by)(by) = ax 2 (74b) 

In each case, the first statement of the QL-I form has boon 
converted to the third statement which is of the bL~? form. 

This interchange between wL -1 and dL-2 ioitia viU nbvnys l,.e possible 
30 long as the terms ax and by do not have ai.y variables in 
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common. In order to distinguish between the two types 
of CL-1 statements, namely QL-1A v/hich cannot be converted 
to QL-2 form^and QL-1B which can be converted as in (74), we 
give the standard forms of the two casecs below. 

OL-IA 

Singly quantified: 

q(^Zx)(gx 2 bx) ; q(^Zx) = quantifier of the relation (75a) 

Multiply quantified: 

q(^Zx) ... q(^w) (ax ... w Z(k, C ) bx ... w) (75b) 

QL-1B 

Singly quantified: 

q(^ax)(ax Z q( iby) (by) ) ^ q(^ax) ( ax) Z q(iby)(by), 

2 = A, g, E (76a) 

Multiply quantified: 

Q(iax) ... q(iaw) q(iby)... q(ibv) (ax ... wZ(k,^))(by ... v) 

q(iax) ... q(^w) (ax . . . x' Z(k,-^)) q(gby)... q(jbv) 

^ ^(76b) 

V’e shall shov/ that any general multiply quantified statement 
in predicate logic is reducible to a combination of these two 


St sndard f orms . 
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(d) Interconversion of QL-1 and GL ~2 f oniis o£ relation^ , 
in -predicate logic (revised version of Section c) 

(i) Generalization of the stanaara rsia't^ions ox 
employed for the orenex normal fornu 

The following equations (77a,b,c,d) for iniplicaticna 
are widely used in the construction of the prenex normal form 
in first order predicate logic, vrhich is a univerr.ally valid 
form for a general statement in this system. 


(V x)(|X ====$> b) — (B x) (a3c) b ; 

(3x)(§x ==»=^b)^ (Vx)(§x) (77a, b) 


(V x)(i bx) ^ a (V x)(bx) 

(9x)(; bx) H a (Bx)(bx) ( 77 c, d) 


These v/ell-known formulae are proved for a and b having 
BA-1 truth values. Vdien these relations wt„-re extended to 
nk-2 truth values, and QBA states for q(ix) , it was found 
that a more general form of the relation had to be introduc€?d, 
particularly when the implication is generalised to an fildl 
relation / of the types 4(1, 1), g( 1 , I), I(i, 1 ) , J(1 , g(i ^ -j) 
It appears as if the most general fonn of the relation is as 



given in (78a,b) 


^ 73 . 
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q(^) (s(kx)(ax) 2(1, 1 ) s(^)(6))S. q(^) (ax Zik, £) b) 

— q(i'ax)(ax) Z* s( -^OCb) (78a) 

qC^y) (s(k)(g) 2(1, 1) s(^ y)(by))= q(^) (gZ(k,^) by) 

^ s(k*)(§) 2* q(^'by)(by) (78b) 

In this, can have the values i, i*^, ^ or i^ , and 

similarly can have the values J, or In the 

same wayj k* can have the values k, k^ (and also k^, ) 

and can have the values - 3 , (and also , In 

quantifier algebra, for ^ corresponding to each one of the 
states V , 9 , A , ^ , 1, ^ ^ and i'^ lead to different 

permutations of the same four states. On the other hand, 
for the quantifier states £, 0 , ^ , we have q(l) « q(if) 

and q(^ ) « q(^'^) . In the same way, for the SNS states 

T and F, k =« k and the operation of negation (N) and of 
complementation (^ , are equivalent in so far as they both 
lead to the interchange of the truth values T and F. However, 
for the states D and X, k = k*^ and k^ = k"^ and in particular, 
negation leaves D and X invariant while complementation 
interchanges them (see MR- regarding this theory). Although 
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SNS normally uses only negation (N) , and all the logical 
equations of propositional calculus can be represented 


having only this nagaxion operaxor 


( ) for vectors, we find 


there is a need for. the use of both the operators ^ and ^ 

even on the SNS indices k and £ in connection with the 
to be 

equations/discussed in this section. We shall show how this 
happens, for instance, while applying the theory of ( 70 a,b) 
to the quantifier states i, and Zi . In fact, this will be 
extended to give a still more general formulation of the 
interconversion equations. 


Actually, in the standard presentation of the prenex 
normal fom, only implication is used. It can be shown that 
a general QL -1 form of relation, as in the l.h. sides of (78a or b) 
can be converted into an implication, as in ( 79 a, b), 

q(^)(ax Z b) q(i’ax)(a'x (79a) 

^ q(^'bx)(a' a-Bi^b'x) ( 79 b) 

For Z( 1 , 1 ) = A, 0, 1, J , the values of i>, 5 ', b' are as 
In Table 9 for both cases. The extension to Z{k,C) is obvious 
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Table 9. Conversion of a general QL-1 relation to an implication 

as in (79a.b) 


Z 

i* 

a* 

b' 

A : 


a 

—lb 

ac 

P 

ss 

xe 

g : 

i 

-la 

b 

I : 

i 

a 

b 

ss 


ss 


J : 

1 

w 

-lb 



(11) Table of equivalent QL-1 and QL-2 forms of (7aa.b) 

We shall first consider Eq.(78a) and write the forward 
and backward transformations corresponding to it^ from QL-1 
to QL-2, and QL-2 to QL-1, as in (80a, b), lor Z = Z(l, l) = A,0,I,J 
standing lor the standard SNS connectives A , V , , 

QL-2 to QL-1 : q(iax)(ax) Z b '= q( i ’x) ( s( k' ) (ax Z’ s(^')(b)) 

Z' limited to Z or z'^ (80a) 

QL-1 to QL-2 : q(^) (s(ka)(§x) Z b) = q(i"ax)(§x) Z" s{i") b , 

Z" limited to Z or (80b) 

In the same way, the forward and backward trsnsformatlons , 
from QL— 1 to q 4— 2 and QL— 2 to OL— 1 of Eq,(7Sb) take the forms 


shown in (81a, b). 
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CL-2 to OL-I s Z q(a,ty)(Sy)= q(j,'y)(s(k')(a) Z' s(4'')(by)) (81a) 
QL-1 to OL-2 q(^y)(s Z s(^)(by)) S s(k'')9 Z" q(^"by){by) (81b) 

It will be seen that the structure of the two equations in 

(81) are identical with that of the two equations in (80), 

except that a and b are interchanged, x and y are interchanged, 

and the corresponding indices k and ^ , and ^ and ^ 

also being interchanged. The relevant data lor these two 

cases are given in Tables 10 and 11. 

We have not given the corresponding tables for the four 
quantifier states , Q ,4^ , because there are some 
difficulties in formulating them in exactly the same manner 
as in Tables 10 and 11. We shall consider them after discussing 
the proof of the results for the four standard quantifier 
states, as given in Tables 10 and 11. 

Before giving the proofs for the data given in Tables 
10 and 11, it will be worthwhile to reduce the infonnation 
given in these two tables to the bare minimum that is needed 
for working out the transformation between the QL-1 and QL-2 
forms of a singly quantified elementary relation of the 


types 
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Table 10. Interconversion of QL-1 and QL-.2 forms of quantified 
elementary relations — Transformation from the QL-2 
to QL-1 torms: (a) For b not quantified ; (b) For g 
not Quantified 



(a) a Z b ■ 

— * ss s: 

?' ^') (parameters as in (80a) 

q(iax) 

g. 

J 

m 

I 

ts 


Z'= Z. 1 

Z'= Z^, 1 

Z'= 2. 1 

I'^t* 1 


q(i’x) k' 

q(l'x) k' 

qd’x) k* 

/■\J 

q(i’x) k' 

Vd) 

V (i) 1 

§(i”) 1 

3 (i.^) 1 

A (1“) 1 

3(6) 

3 (i) 1 

A(i”) 1 

\y(i^) 1 

5. 'I 

A(2) 

3 (1^ 2 

A(i) 2 

V(i“) 2 

§ (i^) 2 

$(5) 

y (3^) 2 

i (1) 2 

3 (i“) 2 

A(i^) 2 


q(j'y) i' 

q(j'y) 

q(j'y) 1' 

q(j'y) 

q(dby) 


Z'= k'=1 

1'= Z^,k'=1 

Z ' = Z^ , k'= 1 


A, 0 

«= *B 

- i 

j 


(b) (a Z b) 

= qj(a' b') 1 

(parameters as 

in (81a) 
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Table 11. Interconversion of QL~1 and QL-2 forms of quantlfl<>ri 
elementary relations — Transformation from the QL-i 
to the QL-2 forms : ( a) For b not quantified ; 

(b) For § not quantified 


H 

(a) q(| 2 |) 

= (parameters as in 

Kq.(80b)) 


h' 2- 

J 

I 

2"« Z, f= 1 
q(i'’ax) k 

|z“= zA f = 1 

J- rp V 

q(i’'ax) k 

2"' 2, 1 
q(ia"x) k 

Z" « 2^ , * *1 

q(ia’'x) k 

1/(1) 

V (1) 1 

1(1") 2 

3 (i^o 1 

Ad") 2 

3 (6) 

3(1) 1 

A(l") 2 

1/ (A) 1 

§ (l“) 2 

/l(2) 

|(li) 2 

1/ (i") 1 

A. (i; 2 

3 d") 1 

|(5) 

2 

3 (!“) 1 

§ (1) 2 

\/ d") 1 

q(dy) 

q( d"t)y) i 

rj 

Z"s Z, k''= 1 

q(;3"by) ^ 

Z"= f, 1{'=1 

q(j''by) ^ 

Z"= z, k" = 1 

q(j”by) ^ 

Z"= k"= 1 

m n ^ 

1 

1 

A, 0, 

I 

J 

es 

(b) q(aZb) 

— — ss 

" 1" (parameters as in 

iiiq. (yib)) 
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considei?ed for the two relevant cases. This is done by noting 
that the two columns in each half of Tables 10 and 11 are 

deduciblCj one from the other)by suitably interchainging Z’ = Z 

c 

and 2 in the case of Table ICj and k *= 1 and 2 in the case of 
Table 11. Consequently , we are able to reduce the general fonn 
of equations in (80) and (81 ) to the particular forms given 
given in Tables 12 and 13 for which the parameters required 
are tabulated in these two tables. 

The most interesting thing that comes out of this 
analysis is that, if the input data are given with only the 
quantifiers V and 3 , but with the connective Z having 
any one of the eight possibilities, namely (A(k, , 0(k, ) 

or(l(k, , I^(k, ^)), then the transformed relation in the 
other form is also expressible using the quantifiers V and 3 
and having, for its connective g'^or 2", only one of the eight 
possibilities. This seems to be a good justification of the 
usual form of the expression of the "prenex normal form” in 
first order predicate calculus. We shall show how the special 
equations, with one term quantified and the other non- quantified 
which is employed in Tables 10 to 13 » can be extended to cover 
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Table i; Data for the forn nipp for the Interconverslon 
of thP normalized forms from QL -2 to QL -1 


(a) q(iax)(ax) Z(k, i) b S q(^’x) (|X Z{k' J ) b) ; k'= k <r~'^ 

E k«= k, cr-'* M k'= k'^ 


i^) 

cr'* 

A( 1 , 1 ) = 

0 ( 1 , 1 ) = 

A, A( 1 , 2 ) = 
g, 0 ( 1 , 2 ) = J 

A( 2 , 1 ) = 

0 ( 2 , 1 ) = 

J^, A (2 

I , 0(2 

cs ae 

, 2 ) - 0 ^ 

, 2 ) = 



q(i'x) 

i' 

, — 


i* 


M 

E 

V 

1 

j 

/N-/ 

3 



3 

T? 

JU 

3 

i 

/S-/ 

0 

W 

1 / 



A 

M 

3 


J" 

rJ 

V' 


1 1 

$ 

M 
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an elementary relation containing two quantified terms 

and/^Z(k, being any one of the eight connectives mentioned 

above. However, there seems to be some questioxi as Lo w)ietliei- 

an elementary relation jin QL-1 or QL-2^of multiply quantified 

terms can be expressed completely in terms of V and ~J only. 

(See Section 5 of MR-53 for the general form of a multiply 

quantified term which requires all the possible seven permitted 

quantifier states in general. This should be carefully examined.) 

(iil) Proof of the QL-1 — QL-2 transformation equations 
for the standeurd quantifier states 

We shall give the proof essentially for the data in 
Tables 10 and 11, All of them are derivable from Just two 
equations corresponding to the first two rows in the second 
column of Table 10 — namely (82a,b) — and the corresponding 
ones in Table 11. 

(V x)(gx) 4 b = (\/ x)(|x A b) (82a) 

(3x)(ax) A b ^ (3x)(|x 4 b) (82b) 

As will be seen from the third and fourth rows in the same 
column of Table 10, equations of the type of (82a,b: are not 
applicable for A and i. The demonstration of this given belov., 
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at the same timcj brings out an essential difference between 
the quantifier generator states Wand Thus, in (82a), 

^ is any tenn corresponding to the variable x, and it can be 
expressed equally well as the negation of another term, in 
the form ^ Making this substitution of “~7ax for ax 

in (82a), we obtain 

(5x)(ax) A b = (t/x)( b = (\/x)( — A b) (83a) 

and similarly, from (82b), we obtain, 

(Ax)(ax) A b = (3x)(-n^Ab) (83b) 

the 

As is readily seen, the patterns of/equations in (82a, b), and in 
(83a, b), are not the same, in that k’ is 1 for the former, 
and 2 for the latter. So also, q(i'x) = q(^x) for the former, whUte 
q(^'x) = q(^^x) for the latter. 

This points to the fact that the proof given in pages 
59-65 (of Eqs (5^a,b)) is questionable. In fact, the proof 
for A(1, 1) for ($ x) is not correct at all. It was only 
conjunctured that the argument for (\/ x) could be extended to 
(^. x) by interchanging T and F; but when attempts were made to 
complete that proof, they led to difficulties. Now^it has 
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become clear that the formula is different for (fix), for 

both A and 0, from that for (\/x). So also, it has become 

Clear that the formula for E(1, l) has also to be reconsidered, 

since-the transformed quantifier is different for I and 

In both Tables 10 and 11, the two have quantifier states 

which are related by the operator JL (as e.g (\/ , J ) , ( A »'Ti) etc). 

Consequently, it does not seem to be readily possible to obtain 

an equation of the type of (82)^ or (83)> for £ , although this is 

possible for the four types of connectives A, 0, I, J. 

Therefore, we give below a different proof for the 
parameters listed in Tables 10 and 11 for equations of the 
t3rpe (82) and (83) . We shall illustrate the principle of the 
proof by means of the example of Eq.(82a). The l.h.s of (82a) 
has two input terms ^ and b,ooined by the relation ^ . We shall 
show that the truth value (t^^h of this l.h.s in the QL-2 
form) is the same as the truth value (t^”^^) of the r.h.s giving 
the QL-1 form, for any given inputs (^’x, b'). For this purpose, 
it is sufficient to list the truth values t ^ and t^^^ for 
th. relative truth values t/g^| aj ) and t^d lb')- t(b') having 
the possible SNS generator states T and F 


respectively. Thus, 
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we have four possibilities, namely (T, T), (T, F) , (F, T), (F, F) , 
and if we show that and t^^^ are same for all the four, 

then the l.h.s and r.h.s are algebraically equivalent, and 
hence also logically equivalent. 

Without going into further detail, we shall explain 
the entries in Table 14(a) which contains the proof of (82a). 

Table 14(a). Proof of (82a) for the four possible combinations 

of truth values of , b* 


B 

2 

3 

4 

5 

6 

7 

8 

q(a* ) 

^ — 

^AVIa') 


t.A tp 
.^(2) 


q(a')Aq^(b*) 

= i 


Ham 

HQ 

V 

T 

T 

T 


V 

T 

T 

V 

T 

F 

F 



F 

F 

A 

F 

T 

F 

V 

A 

F 

D 

A 

F 

F 

F 


muginiiiii 

F 

F 


For mutually complementary quantifier states of 
we employ V and A (= ^V), since this is the quantifier q(iax) 
of the relation on the l.h.s. This choice of q(lax) for 
calculating the relative truth value t^ as given below, has the 
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that t, Will hava tha valuaa T, F aa requirad in our 
tast. Thus, t, la glvah Ih column 2 correspohdlhg to tha 


:noice Oo. 






V axUcr 


t \/ for a' 


— — 

> 1 . 1 , tmo +• of b' is taken to be also T and !• , lor 
The truth value ^2 ox o 

of t.. Consequently, we 

each of the two possibilities 


obtain for t^^^ the QL-2 truth value for each of the 
possibilities and the results are given in column 4. 


four 


Coming to the r.h.s, we express both the terms a^' x ana 

as QL-1 quantifier states. This can be done for b' as q^Cb'), 

by taking the equivalent QBA states to ha V . 5 . corresponding 

to the SNS states T. F. Comhlning this with q(a-) in column 1, 

we obtain the QL-1 resultant of q( a* ) and 4^^^' ) 

binary forward relation with the connective A, employing the 

QL-1A algebra discussed in Section 2(c). For this purpose, 

we can use the Table 3(a) of this report. (All the tables 

3(a,b,c,d) will be used in the discussion hereafter, for 

QL-1 A binary forward relations employing the connectives 

A. O, I and E.) This gives the data in column 6. By using 

the theory of GlL-1 binary relations developed in Section 3 

of this report, we can also obtain the relative truth value 

t(Vlq') given in column 7, and this is equal to t(l), the 
““ , 

truth value of the r.h.s of Eq.(82a) . This choice of \/ ■= q()b'^^ 
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^ I 5/ ^ because this is the quantifier of the 

QL-1 relation in the r.h.s. 

We have only to compare the two entries in all the four 

rows in column 4 and column 7, and it will be noticed that the 

two matchjshowing that the r.h.s and l.h.s of (82a) are equivalent. 

Just to show what happens if the wrong quantifier q(i'x) is 

( 1 ') 

used in the r.h.s, we give the relative truth value 
obtained by employing 3 instead of V , in column 8. It will be 
seen that, while three of the entries in columns 3 and 8 match, 
the ones in row 3 do not match, with one of them being F and 
the other D, showing that this particular quantifier for q(^'x) 
does not make the two sides equivalent. 

Obviously, this proof is not simple to use for derivational 
purposes, but can be used for guessing at the correct solution. 
Hence, this procedure can always be used in an algorithmic 
manner for checking any transformation equation which is 
postulated. We shall indicate a more generalized form of this 
check below, and summarize it in Table 14(b) below for checking 
the correctness of Eq.(82b). 
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Table 14(6)- Proof of f82b) for the three quantifi er Ke nerator 

states of a‘ and two SNS generator states of b' 


1 

2 

3- 

4 

5 

6 

7 

8 

q(a*) 

t^(3|a') 

b’»t5(b') 

^ A 



|(3l2,') 

t(Vlq') 
. i.(l) 

V 

T 

T 

T 

V 

V 

T 

T 

V 

T 

■ F 

F 


i 

F 

F 

i - 

T 

T 

T 

V 

£ 

T 

F 

1 

T 

F 

F 



F 

F 

1 

F 

T 

F 

V 

$ 

F 

F 

1 

F 

F 

F 

$ 

§ 

F 

F 


As given in the heading of Table 14(b), this more generalized 
approach makes definite use of the fact that any quantifier 
state can be represented in QBA as the Boolean sum of 1, 2 or 3 
of the generator states \/ , ^ and ^ . Therefore^ in making 
the check given in Table 14(a), it would be worthwhile making 
these as the possible quantifier states of a’x.and combine 
them with the two SNS generator states T and F of b*. The rest 
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of Table 14(b) is identical with that in Table 14(a) , except 


for the changes requii~ed by the different equation, namely 


(82b 


-4- 4” 4 «-* Vx ■+*jr»,<r«4- 

y %. K*xx^i.j> JL.-^ M -*-^4,^ «Ui t.: o 


T-f- -ur*? 1 T “Kra. crjkiaiir*! 4-V»-o-f“ 

O VT.JU.JUJL. U4V...WA.J. VIXACJLL# 




\ 1 I imr% lx 


( 1 ) 

and in column 7 agree for every one of the six rows^ 

showing that this equation is correct. Just as in Table 14(a), 
a wrong choice of V for the quantifier on the r.h.s leads to 
the set of truth values in column 8 which agrees in seven cases, 
but disagrees for column 3, again showing that this quantifier 
will not fit the equation completelyy 


The above argument has been brought in mainly as an 
introduction to a still more general check that can be made 
of the QL-1 and QL~2 forms of an elementary relation in which 
both ^ and ^y are present as quantified terms, which will be 
discussed in the next section, when nine test values for the 
input pair (^'x , ^'y) should be used for checking for 

agreement between the QL-1 form and the QL-2 form of the same 
elementary relation. 

It has been found that all the data in Tables 10 and 11 
can be checked by this procedure. However, for derivational 
purpose, we require .only the two equations (S2a,b) and the 
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corresponding equations with, non— quant i tied a and quantified 
by and the otherscan be derived from these by procedures similar 
to those adopted for (83a, b) . The details are omitted. 

Before we pass on to the consideration of similar 
transformation equations between the QL-1 and QL-2 forms 
for the other four quantifier states, we shall first point out 
how the test fails to provide a positive answer to the clrieck 
of equations of the type (84) below for the connective g. 

(qx) (ax) E b >= (qx) (axEb),q*»q (84) 

* a* « ss m ^ f-sj 

We give below^ in Table 14(c), the test following the same 

pattern as in Table 14(b). No further explanation is needed 

of the procedure adopted except to note that for calculating 

(l) 

t in column 7, the Table 3(d) for the QL-1A relation E, 
is what is needed. It will be noted that column,':’. 7 and 4 for 
t and t do not agree completely, in that in row 4, the 
two disagree, as pointed out by rings around the entries in the 
table. This descrepency is of the same nature as the results 
obtained by using the wrong quantifier in Tables l4Ca and b) 
and we have to conclude that Eq.(84) does not hold for - 3 . 

A similar check shows that it does not hold for any one of the 

four standard quantifiers V , 3 , A , 4 , for any q* . 
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Table 14(c). Check of the relation (3x)(ax) E b'=(3x)(axE b) 
for six combinations of truth values. 


1 

2 

3 

4 

5 

6 ~ 

7 



b ' -t2(b') 

- 


S-3s(S') 
= q' 

t(3)q' ) 

- £ 


T 

T 

T 

V 

V 

T 

V 

T 

F 

F 

§ 


F 

1 

T 

T 

T 

V 


T 

£ 

T 

F 

© 


1 

@* 


F 

T 

F 

V 


F 

$ 

F 

F 

T 


\/ 

T 


A very simple explanation of why this happens can be 
indicated for this example^ checked in Table 14(c), by noting 
the well-known fact that ah b = (a I b)/\ (aJ b). 
Consequently, the l.h.s of (84) for q, = 3 is equivalent to 

((3 x)(ax) I b) A ((3x)(ax) J b) (85a) 

( (\/ x) (ax I t) ) A (( 3 x) (ax J b) ) , from Table 10 (85b) 

* Since t^^^ for all rov;s, except row 4, for which 

we can conclude that l.h.s of (84) implies 
r.h.s of (84), for q = q' =3 (see subsection (iv) below). 
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Since the quantifiers for the two temis in (6bb) are not 
the same, it does not follow that their conounction is equal 
to (3x)(ax Eh). In fact, in the test demonstrated in 
Table lA(c),the difference between t^^^ and ^ arises 
essentially for the combination (4_. P) |i) . It is 

interesting to note that the quantifier for which this test 
disagrees is 1_, which is also the difference between \) and 'J , 
which are the quantifiers of the two terms in the r.h.s of 

(85b) — ( 3 « V 0 1). 

In fact, the proof given iti Section 6(c)(i), for the 
connective EC1, 1) for (V'^c), has the defect that the two 
cases examined are only those for which ^’x = (\/x)(ax) and 
(^x)(ax), and the proof has not been written corresponding 
to the middle two rows of Table lA(c), namely those Involving 
(‘£.x)(ax). A very simple demonstration that the Eq,(66) given 
below does not hold for (£.x)(a'x) can be given as follows: 

(l_x)(a’x) E b ^ (l.x)(ax E b) (B6) 

We must remember the fact that, in the QL-2 logical relation 
on the l.h.s, C^x)Ca'x) is collective in its interpretation 
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which means that §'x 
Consequently, if b » F 

^ -- UP 

±iJX eiJS-JL Jt Ui* XiS JLclJ-ilitf i 

is true for (0 x) — i. 


is true for some x, but not for all x. 

, it means that a'x is either true 
or all Xi This means that the relation 
e. "for all x" or "for no x" , collectively 


On the other hand, the quantifier ( x) on the r.h.s has 
^ in dividual application — i.e for every x. Consequently, 
the predicate (a'x E b) is true for (1.x) — i.e. for some 
X, but not for all x. If b is F, this means that the predicate 
is false for some x, but not for all x. However, since 
in general, (£x)(tx)‘^ (1. x) ( Itx) , the r,h.s is true only 
for the range (£_x) of the variable x. Thus, we get the 
conclusion that the l.h.s is true for ( 0 x) ( £_x), while 

the r.h.s is true for (1, x) H ^ (0 x) . ir other words, while 
the l.h.s is F, the r.h.s is T,for p = F. This is precisely 
what is shown in row 4 of Table 14(c). Thus, we have obtained 
a simple proof without Boolean algebra, but merely from the 
description of (^_x) as "there exists, but not for all" ("^ 3 V") 

and the very existence of this state for quantified logic 
requires that the transformation Eq.(86) is not true for 

both b = T and b = F and is not an equivalence relation between 
its l.h.s and r.h.s. 



.94. 


Mii-54 

I>raft-2A 

23.10.86 


i irhp ing cojisecjusncc of this to the standarxi 
formulation of predicate logic is discussed in the next 
subsection (iv). As will he shown therein^this j.v»i ruUj-St. ion 
which employs BA-1 truth values for the predicate . and has 
only four quantifier states V , 3 , A , , is incomplete , 

and leads, in fact, even to inconsistent results for the 
QL-1 to QL-2 transformation equations. 


(iv) A new inconsistency theorem for the standai'd formulation 
of first order predicate logic* 

In Section 7Cd)(v) of MR-53, it was shown , in Table 7(ci)j 
that the QL-1 A product £ E (9 is equal to £. from the defixiition 
of £_ as a QBA state. However, the definition of the two 
states 1. and 9 in terms of the four standard quantifier states, 
leads to two different values — , or A, — for £ E 9 , 

according as the operation of Boolean product to obtain 
£_ from £= 3 ® . A is carried out first, and that of the Boolean 
sum to obtain 0 = V $ is carried out thereafter, or these 
are carried out in the reverse order. There seems to be no 
indication from standard theory as to which of these is the 
correct one. On the other, hand, the definition of £_ as a 

*This section is left as it is^ although the inconsistency 
can be explained away by careful analysis, which is given 
in the next section 
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generator state, and of Q as the sum of the generator states 
\/ and ^ , gives a unique answer (£.) for 1.E 0 , and it is 
the same as one of the two possibilities mentioned above 
which are obtained by the above procedure. Other similar 
inconsistencies have been pointed out in Section 5(c) (iii) 
of this report, when the standard approach of employing only 
the four quantifier states V t 3 » TV » , with the latter two 
defined as the complements of the former two, is adopted for 
the calculations. Now, in the previous subsection (iii), we 
have observed that for the QL-1, 2 transformation equations 

employing the quantifier (lx) for (qx)(ax) | b also, we 
obtain discrepancies if only BA-1 truth values are employed, 
and only the standard quantifier states are used for obtaining 
1 and 0 in terms of them. Thus, the proof in Section 6(c) (i) 
holds for 

(\/x)(ax) E b = (\/x)(ax E b) , for q = q ' = \/ in (84) (87a) 

and it can readily be extended to give (87b) . 

(3 x)(ax) E b = ( 3 x)(ax E b), f or q = = 3 in (84) (87b) 

This proof is essentially based on BA— 1 truth values. However, 
the equations (85a) and (85b) indicate that Eq.(84) does not 
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hold for either q = q^' = Vy , or :i , so that both (b7a) and 
(87b) cannot be valid. This is clearly a contr adicti on , since 
the same formula is provable to be true by one line of 
argument and provable to be false by another line . i.x'idicoting 
inconsis tency in the whole procedure. 

However, we believe that this is only due to the 

of 

inadequacy in the f ormulat ion,/employing only iJA-1 truth values 
and using only two quantifier states V and 'J as basic for 
the definition of all quantifiers. As mentioned in 
this is insufficient for a proper definition of txll possible 
quantifiers^ and if we extend the formalism by employing. BA-? 
truth values, and also employ three quantifier states V , 
as generator states, then both lines of argument do lead 
to the result that £q.(86) is not sat isfied > and conseiiuently, 
we come to the conclusion that £q.(8A)j for the connectives 
£(1, 1)) and E( 1 , 2), are not satisfiable for any q = q'. 

This matter requires further consideration and this 

will be done in a future report. However, a brief outline 
much simpler 

of a/possible proof^ of the inconsistency involving the 

connective E in QL-1, 2 transformation equations obtained 

by using standard procedures, may be given as follows, without 

requiring the definition of the new quantifiei' states 

£. and O . 
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We start with Eqs (88a, b) which are proved in all books 

on logic (See e.g. Eqs. (7), (10), p.118 of Howard Delong, 

"A Profile of Mathematical Logic, Addison Wesley, 1970).' 

( ( \/ x) (^) ^ ( 3 x) ( ax b) (88a) 

(b (\/x) (ax) ) “ (V 3c) (b ax) (88b) 

Consequently, we have 

( ( ly x) (ax) b) ( ( V x) ( ax) » <= »»> b ) /\ (b zm-x^ ( \/ x) (ax) ) ( 89 a) 

'■= (3 x)(qx b)A (t/x)(b ^) (89b) 

^(V x)( gx ^ ) ‘ ( 89c ) 

However, we have proved in Section 6(c)’^ (pages 61-62) that 

(\/x)(ax) E b = (\/ x)(ax E b) (90) 

By showing that, for both b = T and b = F, the l.h.s implies 
the r-h.s and the r.h.s implies the l.h.s. Clearly, Eqs. (89) 
and (90) are mutually contradictory, and both have been derived 
using standard predicate calculus without the need for either 
SKS algebra or QBA algebra for quantifiers. 

This seems to be a very simple and straight foirward 
demonstration of the inadequacy of BA-1 truth values for 
propositional calculus and predicate calculus. 


♦This proof is invalid and therefore the conclusion in the 
last para above is not substantiated (see next section). 
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(v) Re-ey^nilnatlon of QL-1.2 transformation equations, for 
connect Ive g 

In this section, we shall give the derivation of the 

correct relational equations between QL-2 and QL-1 fonns given 

in the l.h.s and r.h.s of Eq.(84) for q and q' = \J and :] . 

It will be shown that four such relations are derivable from 

well-known equivalence relations involving implications, and 

they will be substantiated by means of the truth value checks 

of the type indicated in Tables I4(a,b,c) . This will indicate 

the three 

the great value of the truth value cheeky employing /'JBA generator 
states for quantifiers and the SNS generator states T and F 
for non- quantified terns. The following equivalence relations 
(91j to (94) are well-known and are found in every book on logic 
(see e.g. Delong: "A Profile of Mathematical Logic” p. 118 
Eqs 7-10) . 


( ( \/ x) ( ax) b) rez ( 3 x) ( sx 

=«t^ b) 

(91) 

((0x)(|x) =#> b) ^ (\/ x)(ax 

==#> b) 

(92) 

(a (V ^)(Lx) ) = (V x)(a = 

=#> bx) 

(93) 

(a O x)(bx) ) = (.3 x) (a bx) 

(94) 


w. wish to find the nature of the connective which relates 
the l.h.s and r.h.s in the four equations (95-9t!) helow between 
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a QL -2 equivalence relation and a QL— 1 equivalence relation 


of the same type as those in Eqs (91-94): 

((\/x)(§x) b) (\/‘x)(|x “ b) (95) 

(( V x)(gx) ^ b) Z2 O x)(ax IE b) (96) 

((Dx)(^)'^b) Z^ (\/ x)(^ = b) (97) 

(('3 x)(ax) E- b) Z^ (0 x)(ax S b) (98) 


It is possible to find out the nature of the ShS connectives 

=1 I4 ^7 suitable manipulation of Eqs ( 91 - 94 ), provided 

( 99 ) 

use is made of the v/ell-known implication relation/between 
(Vx)(gx) and (3 x) (px)^where the predicate px can be a simple 
term by itself^ or can be a relation of the type ^ aa=^b or 
aXj etc. : 

(V/x)(px) =*^(, 0 x)(px) (99) 

Eqs. (lOCa,b) and (I 01 a,b) follow from ( 99 ): 

(b ( V x) (|x)) (^ =«*> ( 3 x) (|x) ) ( 100a) 

((9x)(ax) =#' b) =*=#> (( \/x) (ax) ==^ b) (l00b) 

(yx)(ax=»^|) (3x)(^=*^b) (101a) 

(\3x)(b ax) ( 9 x)(b =:^ax) 


(101b) 



. 100 . 


MR- 54 
Draft -1 
25.10.86 

Using (91-94) and (lOOa.b) , ( I01a,b) , we can obtain the 

nature of the connectives Z^, Z-^f as ( 102 ) — details omitted. 

= J = 1(2,2) ; Zp = I = 1(1 »1) ; 

asc I is = —C. 

= J = 1(2,2) ; 14 = i = i(l»'') (I02a,b,c,d) 

however, . ^ 

V/e shall, / indicate the great convenience of the 5-x2 truth 

table of the type contained in Tables l4(a,b,c) for checking 

these relations. The conresponding tables for Dq-(t^0with 

q» q' = ly » 3 are given in Tables 15(a) and (b). In Table 15ia), 

rsJ r-^ 

the l.h.s is taken to be ((Vx;)(ax) ^ b) and the r.h.s equal to 
(\/x)(ax'^b) and (3x)(ax=b). In Table 15(b), the l.h.s is 
taken to beC(3x)(ax)= bl^while the r.h.s has the two cases 
the same as for 15(a). The layout of the table follows 
essentially the pattern of Table 14(c) and is not described. 

The results are discussed in relation to Eqs. (95-96) and 
(I02a,b,c,d) after the tables. 

We have only to compare the entries in columns 4 and 7 
to get the right connective Z^ for Eq.(95). It will be 
noticed that all the rows except row 4 have entries which agree, 
showing that the implication can be both ways, while in row 4 



. 101 . 


MR-54 

25 - 10-86 


Table 15(a). Check of Equations (95). (96 ) 
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T 
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T 
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© 

1 

F 

F 

© 
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T 

$ 

F 

T 

F 



F 

F 

§ 

F 
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V 
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T 


"*"7 Tor (95) ; 8 for (96) 


( ) (=^ ) 


Table 15(b). Check of Equations ( 97) . (98) 


1 

2 

3 

4 

5 

6 

7'^ 


q(a' ) 

^ ‘Z. 


b'=t2(b0 

—1? —2 
= t(2) , 

33<4') 

IIP 

II o 

^ -If 

t(Viq’) 

t(3| q' ) 

- 

^3 

V 
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T 

T 

T 

V 

V 

T 

T 

v 

T 

F 

F 
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§ 

F 

F 

1 

T 

f 

© 
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© 

T 

i 

T 

F 

© 


£ 

F 

© 

$ 

F 

T 

F 

V 


F 

F 

$ 

j 

F 

F 

T 

5 

V 

T 

T 


+ 7 for (97) ; 8 for (98) 

( ^ i m : ) ( ^ ) 
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alone T while 6^"*^= F. This means that the implication 

is from QL-1 to QL-2. Since the direction is from QL-2 form 
to QL-1 in (95) » the implication is J:=rl(2,2), i.e. 

"reverse imply" , in (95) • 

On the other hand, on comparing columns 4 and 8, all the 

( ^ ') * C *1 ^ 

rows agree except row 3> for which t is f and t is T. 
Consequently, the implication is from QL-2 to OL-1 form and 
therefore Z 2 for Eq-(96) is I=l(l>'!)7 i*o "imply". 

In the same way, in Table 15(h), on comparing columns 4 and 7, 

we find that only the entries in row 3 differ and t^* = T 

/ 1 ) 

while t' F so that the implication is from right to left, 
indicating that Z^for Eq.(97) is J, i.e. "revei'se imply". 
Similarly on comparing columns 4 and 8, we find that the only 
difference is in the entries for row 4, for which, however, 
the implication is from left to right, so that for (V8) 

is I, i.e. "imply". 

\ 

Thus, by very simply listing the truth table and its 
consequences, we have been able to deduce what are the relevant 
connectives in Eqa (95--98) . The results in Table-.: 15(a) find I5(t) 
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caiTi be summarized as in (103) » 

(\/ x) (ax S b) 

/ V 

(\/ x)(^) ~ b (9x)(ax)'^b 

% / 

( 9 x) ( ax b) 


(103) 


and they agree with the deductions made in (102), thus showing 
consistency between the standard formulation and our QBA 
representation of quantifiers. 

We shall now proceed to consider QL-1,2 transformation 
relations for elementary statements in which both a and b 
are quantified. To do this quite generally, we need, in 
addition to fomiulae given in Tables 12 and 13 ior the four 
standard quantifiers V , 3 , A , § , also those for “l, and 0 . 
However, the latter tw'o lead to some peculiarities in the 
transformation equations which are better appreciated after 
the general case is discussed for the standard quantifiers. 
Therefore, the general QL-1 — QL-2 interconversion formulae 
are discussed in the next subsection (e)^ after which we shall 
come back to such equations for the quantifiers and 0 . 
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qL- 2 interconversion of st at emeiits — in ^lene-ra,! 

We are now in a position to reconsider the discussion 
in Sections 6(c)(ii) and 6(c) (iii) , which are to be replaced 
by this Section 6(e). The general form of the interconvorsion 
equations when one of the terms a and b is quantified and the 
other is non— quantified , is shown in (I04a,b) and (I0ja,b) 
below and the^/ are readily capable of being combined to *cive 
the corresponding equations for both g and b boinf; quantified, 
which is the one that is needed essentially for converting 
a general statement in first order predicate logic into the 
so-called prenex normal form. In fact, in our method of 
implementation of QL-1 and QL-2 equations, we do the reverse — 
namely of converting the prenex normal form into a sf;c?uence 
of QL-1 or QL-2 elementary relations and implementih,' 
thereafter. (See Section 7.) 

q(iax)(ax) Zb = q(^'ax) (ax Z' b) ; ( 104a) 

a Z q(aby)(by) = q(d’by)(a Z' by) (l04b) 

q(ix)(ax Z b) = q( ^"ax)(ax) Z" b ( I05a) 

qC£y)(a Z by) = ax Z" q(£'’by) (by) ( I05b) 

The data for xiiqs.(l04) and ( 105 ) correspond to Tab'les 12 
and 13 respectively and the parameters on the r.h.s of these 
equations are obtainable from the contents of the tables. 
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Before we consider how the above equations can be 
combined, we shall mention the necessary conditions lor them 


to bt 


^ o I in 


- 1.0 . 


i*or V, iwa; , d musx be free of x so that the 


truth value of b does not depend in any way on- the truth 
value of and, vice-versa, for (l04b), g must be free of y . 

Consequently, it is quite possible to have b qusmtified for y 
as q(^y)(by) in (I04b.), and a quantified for X as q(^ax)(ax) 
in (I04a). Similar considerations hold for (l05a) and (I05b). 
Consequently, we obtain the following general form of the 
transformation equations for an elementary relation in predicate 
logic between two quantified terms. (These equations (I06a,b) 
are quite different from (73a,b) which should be replaced by 
these.) In (I06a,b) Z stands for A(k, 0(k, ^), l(,k, £) or 
J(k, .^) as the case may be. In the forward direction from 
CL-2 to QL-1 we have (I06a), 


q(iax)(ax) 2(k,/) q( iby) (by) ^ qU» ax) q( 2 ‘by) (axZKk',.^') by) 

(106a) 

and in the reverse direction from GL-1 to OL-2 form we have (I06b). 

q(iax) q(^by) (axZ(k,.^) by) q(r'ax) (ax) 2”(k",^") q(^"by)(by) 

(I06b) 
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(i) Implementation of the transf ormatxon from the uL-2 to 
the QL-1 form 


of (lO^na) 

As already mentioned, this implement at ion/ is done by 
combining the information contained in Tables 12(a) and (b) 
for the two individual terms ^ and contained in (l04a,b). 

This is done by carrying out the operation in (lOAa) first, and 
then that in (l04b). Thus, the former leads to q(i'mx) and 
from q(^ax) and Z(k,-^), When the second equation 
in (104b) is applied, we obtain q(^'by) and Z * ( k ’ , g*) from 
= 1 ^^* * * Thus, by individually applying the 

two processes described in Tables 12(a) and (b) , we obtain 

q(^'t»y) and Z’(k’, £') in (lOba). In this pax'ticular 


transformation from QL-2 to QL -1 form, it so turns out that 
the two equations are independently applicable^ and the 
calculation of k« does not affect £ or q(jby) and the 


calculation of does not affect k or q(iax). Further, 

the nature of the connective 2 (namely a, O, I or JJ is not 

modified by the transformation. Therefore, the vhole procedure 

ie consistent and this is further checked by the fact that 

the reverse transformation from QL -1 to QL-2 described in the 

next subsection (ii) leads back to the orieinal equation or 
its equivalent. 
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(ii) Implementation of the transformation from the QL-1 
the QL- 2 form 

Exactly as in the previous case, we now apply Tables 
13(a) and (b) to Eq.Cl06b) via Eqs (I05a,b). In this case, 
we do have the possibility of the connective Z also changing 
as the process of first transferring the quantifier for ^ 
from the QL -1 to the OL-2 form is carried out^ before that 
for the second term by is done. However, the two are 
sequentially implement ab le , and it is only necessary to convert 
the 8 HS connective 2 ^(k,-^) into its equivalent form Z^Ck*^,^) 
where z"^ stands for the Le Morgan associate of g. Thus, 

0^(1, 1) = A(2,2), A^(1,2) = 0(2,1), /so that A"^ = Q and = 4 . 

We are not giving formulae for I, J, and since they 

to be form ^ ^ 

can always be converted/in the / of either 0(k, - 0 ) or A(k, ^ ) „ 

Therefore, in this discussion, we shall restrict ourselves 

to A(k, £) and 0(k, -^) lor the connactives. 

The procedure for performing the transformation in 
(106b) is as follows. First the quantifier q(^by) is 
transferred’ inside the bracket as q(j"t>y) with a corresponding 
change of Z(k,^) to Z.,(k, ^) (v/here = Z orz'^) by using 

Eq. (105b). We then obtain as an intermediate form. 
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q(iax) (ax Z.(k,^) q( d''by) (by)) , Z (k, t) = Z(k, 1) , or j'^(k"=, 

" ,-v/ ““ i “ 

If 

according as = E or M (107) 

Then, Eq.(l05a) is applied to remove the bracket and convert 
(107) to the QL-2 form when we obtain q(^"ax) and 2”(k, Z) also, 
from 2^ (k, £>') . 


Although the above procedure looks complicated in 
description^ it is actually very simj)le, eind v/e shall illustrat.e 
it by two examples after pointing out that the full tables 1? 
and 13 are not necessary and that the upper halves of each 
table,/ the quantifiers V and ^ j are sufficient. However, 
it is absolutely necessary to have all the eight connective 
operators A(k, -^) and q(k,/) for k, ^ = 1,2. When this 
simplification is made, we effectively find that tlje operation 

* i-O Table 12 and ct“" in Table 13 becomes no longer 

E 


necessary, as both have the value/for the first two rows in 
the body of the two tables. Consequently, the connective 
|(k, ^) of the l.h.s and the r.h.s are the same for both 
(l06a) and (I06b), and only one of the two quantifiers V/ or 3 
occurs for the r.h.s , also. This agrees very well with the 
standard procedure for writing the prenex normal form. 
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(ill) Examples of Interconversion formulae 

We shall give one example each of (l06a) and (l06b). 

As already mentioned, it will be preferable to take the normal 
form of the input in the l.h.s to have only the quantifier states 
\/ and 3 • This is always possible for both the QL-1 form 
and the QL-2 form as Indicated below. If the input quantifier 
q(^ax) or q(jby) is A- or ^ , then we change it to qC^^ax) or 
q(^®by) , as the case may be, as shown below. Thus lor the 
QL-2 form 

q(iax)(ax) Z(k,^) q( 3 by)(by) = q(^ax)(ax) Z(k^, q(^y)(by), 

q(i“) » -^Iqd) (108a) 

q(iax)(ax) Z(k, -^) q(^by)(by) 

^q(iax)(a30 2(k, q(d®by)(by), q(/) = ^q(j) (l08b) 

rsy n — — /~-j 


Consequently, if either the term ^ in (I08a) or the term 

]^y in (I08b) has A or J as quantifier, it is converted into 

being but again only 
y or 3 connective ope rat or/ changed /into any one 

of the eight possible connective operators. This can be done even 

if both q(iax) and q(jby) are of the t 3 rpe Ai or ^ , 
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For QL-1, the procedure is slightly different and is 
based essentially on the formulaa 


and 


^q(^x)(px) 


q(i^ px)^^^) 


(109a) 

(109b) 


We shall not formally write the general formula for converting 
a QL-1 elementary relation into the normal form, but indicate 
it by examples below. 


The specific examples for the two cases are as ioilows. 


Normalization of QL-2 form : We shall give two or three 
exanples of this to indicate how (I08a,b) are applied - 

(Ax)(ax) 0(2,1) (\yy)(by) = (V x) (ax) 0( 1 , 1) (Vy)(by) (110a) 

(9 x)(ax) 0(1,1} (^ y)(by) = (9x)(ax) 0(1,2) (9y)(by) (110b) 

(f x)(ax). A(1,1) CAy)(by) » (9x)(ax) A(2,2) (l/y)(by) (llOc) 

It will be noticed that all that is done is to convert A or 

into Its complement V or 3 and change the correspond in/' k or / 
in |(k,i) into its complement. Thus, in (ilOa) only the first 
term has A changed to V and Q(2,l) changed to 0(l,i) and 
similarly in (llOo), only the second term has changed into 3 
and Q(l.l) correspondingly changed to 0(1,2). On the other hand, 
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in (110c), since the/ terms have (_$ x) and CA. y) respectively, 
they are changed into ( 3 x) and (\/y),and the connective 


A(1,1) has both k aiid .-v chaiiged to their complements) to yield 


^(2,2) on the r.h.s. 


Normalization of QL-1 form: This is slightly more complicated. 


as it depends on the sequence of the two quantifiers. 


y) A(1,1) by) 

C/lx)((Jy) Cax 0(2,1) by) 

($x)(:3 y) (^ 0(1,1) by) 


= (|/x)(\/y)(§x 0(2,2) by) (ilia) 

= (9 x) y) (ax 0(2,1) by^ 

= (9 x)(9 y)(ax 0(2,1) by) (111b) 

= (V 3c) j^($y) (ax 0(1,1) by)^ 

= (Vx)(Vy) (ax A(2,2) by) (l11c) 


The procedure is to carry out the change from {J\ ^) to (\/ ^ 9 ) 
first for ox and then for qy sequentially. This agrees 
with the well-known convention regarding the scope of application 
of a quantifier to the expression that comes to the right of it. 
Thus, in (I11a), (V x) need not be changed. Therefore, only 
(i y) is changed to (\/ y) and correspondingly the expression 
forming the predicate within the bracket is converted into its 
negation involving the replacement of the operator Z(k, ■^) by 
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(1'lt)), on the other hand, onl}'' the first 
quantifier (Ax) has to be changed, which becomes { J x) on 
the r.h.s. Then, the negation of the expression to the 
right is the complementation of the quantified relauion, which 
can be expressed by taking the complement of the quantifier, 
with the predicate unchanged, as in the first line of (I11b). 
In the second line, we replace "=iC^ y) by ( :] y) , and since 
this is a quantifier of the normal form, there is no change 
in the predicate and we obtain the expression in the second 
line of (111b) . 

If both of them have to be normalised, then qx is 
changed first, and then qyj as in (l11b). Thus, (<§^ x) is 
first made into (V ^c) , when (3 y) becomes its complement (<§y), 
as in the first line of (l11c). Hov/ever, y) has once again 
to be changed to the nonnal form, which is done by negjiting 
the predicat e , and converting ^ ^^into (Vy), as in the second 
line of ( 1 1 1c ) . 

The above three ■ examples indicate the general rules for 
changing the quantifier in a QL-1 statement into the normal 
form for x alone, and for y alone, and for both x and y. 
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If qy is the one that is to be normalized, only the 

f-j 

predicate is converted into its negation as in (ilia). 

If both qx and qy are to be normalized, then : qx is negated 
into q^x and qy is complemented to q™y and the predicate 
is unaffected. On the other hand, if qx alone is to be 
normalizedj then ^ is negated to ^x and^at the same time 
£y is converted to q^yj with simultaneous negation of the 
relation in the predicate. In all cases, the negation of the 
predicate is obtained by complementing the SNS operator 
Z(k, ^)to become Z^(k^, , 

Concluding remarks (added June 4, 1987) 

This report had to be discontinued for various reasons 
and it is therefore closed at this stage. The (X-1 and QL-2 . 
forms of quantifier logic are briefly discussed in four 

lectures which form MR-55 and MR-56. The formulae developed 

therein have been converted into computer programs for single 
statements in QL-1 and QL-2 formalism, and these are contained 
in ALOG-56 (MaTLOG Part II) . In view of these later developments, 
this report is to be considered only as a step in the development 
of the .BVMF theory of quantifiers. 
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PREFACE 


The two lectures whose contents are presented in this 
report were given in the Lecture Series-2, but they have 
been superseded in many ways in the Lecture Series-3. 
Therefore, they have not been very carefully checked for 
errors or omissions, but have been left in the form in which 
they were presented. They, as well as Lectures 3 and 4 in 
the next report MR- 56 , are consistent with the formalism 
and notation developed in Matphil Reports 52, 53 and 54,. 

Lecture-1 is written in the form of a complete report^ 
while Lecture-2 contains a good part of the text in pages 1 - 26 ^ 
while the essential formulae, tables^ and figures, are given 
in the appended overhead pro;3ector sheets A1 to A15. Cross 
references between the two are given where essential, but 


has not been made exhaustive. 
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Boolean Vectoi>-Matrlx Formulation of Logic 

. Scope of the talks 

The purpose of these talks is to give a bird's eye view 
of the studies made on the application of Boolean algebra 
systematically for the implementation of logical relations 
in general, — in sentential calculus, in quantified predicate 
calculus, and in higher order logic, including multiple valued 
logic. All of them can be given a unified representation 
in the Boolean vector-matrix formulation (BVMF) , First, 
we shall give a general picture of the formalism for 
propositional calculus^ in which the standard employment of 
BA-1 algebra, with only two elements 1 and 0 standing for 
T and F, is extended to BA-2 algebra employing Boolean 2-vectors 
with a^ « 1, 0' and it leads to the four 

possibilities T » (1 0) ,' F « (0 1) , D « (1 1), X « (0 0) 
for the truth values. The introduction of the two new truth 
values D(doubtful) and X( impossible) , in addition to the 
standard T and F, makes the algebra very much more amenable 


for implementation 





The BVMF theory is extended to the general theory of 

between two sets A and B having oa and n meinbers^ 

in which Sj is related to b. by the matrix R. .-with R. . s= 1 

*J ij 

if ajL is related to b^jand 0 if they are unrelated. In this^ 
the idea that any term a^ or b^ can only have the states 
T and F is maintained (although the use of the four states 
T, F, D, X is also possible and is discussed.) 

From the general theory of relations, it is possible 
to give a definition for the quantifier states V and 3 , in 

terms of well-formed formulae in propositional calculus. 
However, they are found to obey a higher order Boolean algebra 
(BA-3), than the Boolean algebra BA-2 of propositional calculus 
A systematic presentation of quantifier logic for first order 
predicate calculus can be given in terms of this formalism 
involving BA-3 algebra, with BA-2 truth values. Practically 
all formulae in standard predicate logic is reproduceable in 
this algebra, which has the great merit that it is algorithmic 
and is readily con 5 )uterizable. 

Both for propositional calculus and predicate logic, 
it is possible to represent a logical relation between two 
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"terms joined by a connective such as *'and”, “or”, ”equ”, 
"not", "if" etc,, by a binary vector-matrix relation of 
the type b^, in which is an iii|-vector and b^ is an 

n-vector (m » n «= 2 for propositional calculus, m *» n =* 3 for 
quantifier states). In its implementation such a relation 
can lead to two forms of equations^ temned respectively 
unary and binary, which have the forms 


Unary relation 

Binary relation 

1 L ajL R^^ b^ « c^, £ i a^ rJ^ b^ , c = (c^ c^) (2) 

In (2)^ rJj is the complement of the matrix , with each 

matrix element being complemented. It is interesting that 
Eq.(2) leads necessarily to a 2-vector c , having the four 
truth values of BA-2) which is employed in our algebra for " 
propositional calculus. Since the idea of a doubtful state 
is fundamental to our theory, this algebra is given the name 
Syad Nyaya System (syad » may nyaya « logic, in Sanskrit) 
(SNS for short). 
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Both in the SNS algebra of PC and BA-3 quantifier algebra, 
all implementable equations in logic have the pattern of 
either Eq,(l) or Eq.(2), and these equations have -the property 
of being reversible. Thus, in Eq. (1) can be given from b^ 

by the transpose R • of'the.^t*elation R 




and Eq.(2) can be reversed given c and aj^^, the details of 

which will be given in Section . It turns out that this 

binary reverse automatically leads to the unary relation. 

This concept of reversibility of a statement in logic 

(corresponding to the inversion of a linear equation in linear 

algebra by matrix inversion) is a novel feature of the theory 

and is extremely useful for back-tracking an argument from 

a contradiction to the exact origin of the contradiction. 

for 

So also, the check/ contradiction is automatic, and is made by 
a new operator called '*vidya** (Knowledge in Sanskrit )^ which 

’the state X ** (0 O) if the same term has contradictory 
inputs having the truth values T and F. The introduction of 
this operator vidya (V) and of the related operator U for 
unanimity is again a novel feature. In fact, they are the 
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generalization in BA-n of the representation of the logical 
AND and logical OR in BA-1 algebra. The distinction between 
the logical AND and OR as normally understood^ which are 
representable by mat ric e Sj^"and *t heir counterpart lor checking 
purposes as V and U , is again a novel feature of the whole 
algebra^ which makes the writing of programs very convenient. 

Apart from the theory of implementation of the logic 
of atomic statements, the analysis of an argument in terms 
of its logical graph and its translation into BVMF can also 
be given in very general terms. In fact, all possible types 
of statements) with or without quantifiers, which form an 
argument, can be broken down into elementary statements of 
the type of Eqs (1) or (2) (and their generalizations), and 

then arranged in sequential order for successive implementation 

lists 130^X1 

This theory / worked out particularly for propositional 
calculus, and, interestingly, the essential basis in terms of 
graph theory of this algorithm is completely applicable also 
to predicate logic, except that the terms become quantified 


in the latter case 
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The Boolean vector-matrix formalism arose in our 
studies as the consequence of attempts at simulating the 
logical equations in SNS and QL by electronic circuitry. 

Some of the circuits are interesting and they will be 
briefly considered in the last lecture along with algorithms 
for the implementation of BVMF equations. It is proposed 
to give six lectures on topics connected with the titles 
given below. 

1 Principles of BA-2 algebra of SNS with four 
truth values T, F, D, X. 

2 Logical graphs and their implementation in 
propositional calculus. 

3 Theory of relations in BVMF and application 
to information processing. 

4 BA-3 algebra of BVMF for quantifiers — 
essential principles. 

5 BVMF theory of first order predicate calculus. 

6 Computer algorithms and circuits for implementing 
BVMF formulae. 

They will contain the outline of the theory and formulae 


that are necessary for working out problems or proofs in 
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sentential logic, multivalued logic of the theory of 
relations and In quantified predicate logic* Only the 
formulae are given and no proofs are supplied. Aiso 
there Is no attempt made to make the set of formulae given 
complete, the Idea being that the essential background of 
our new approach be Indicated and Illustrated. 

We shall use the term CL to Indicate "classical logic" , 
standing for the BA-1 theory of propositional calculus, and 
the term SNS to Indicate the BA-2 theory of propositional 
calculus. All terms In PC(SNS) are Indicated by lower case 
letters which are double underlined (a), and all connectives 
by capital letters, double underlined, e.g (A, 0, •«•,)• The 
truth values of SNS are Indicated by T, F, D, X. The term 
OL (standing for quantifier logic) Is used for first order 
predicate logic and higher order logic einploylng quantifiers. 
In general. Terms In quantifier logic are denoted by curly 
^ - an In J^y • , and connectives In predicate 

logic are Indicated by Z and ^ In QL— 1 and QL— 2 (the 
distinction will be explained In due course). Some special 
features of BVMF are pointed out in the next page viii. 
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Special Features of Boolean. Vector Matrix For mall: 

1 A very general and. unified presentation of logical relations. 

2 Introduction of Boolean 2-vectors a^) in BA-2 algebra 

for terms and the new truth values D « T V F, X »= IT A IF 
in addition to T and F, and 2x2 matrices for connectives. 

3 Distinction between g ^ ^ §1 ^ §2 “ S 

different operators A and V. 

zst- ss 

4 Implementation of relations and their universal 
reversibility, as in 

(x, ax = y) I — > y ^ (y, y/a »= x) i — x : Unary relation 
(x,y, xy «c)| — > c ^ (x,c, c/x =y)|— ^ y : Binary relation 

5 Definition of quantifiers in terms of logical equations 
(well-formed formulae) in propositional calculus (PC), 
for the formulation of QL (predicate calculus), via BA-3. 

S Representation of arguments in PC and QD by logical graphs, 
and their reversal from contradiction to trace baclc the 
source for it. 

7 Theory of relations between n— vector a^ and m— vector b^ 

via matrix ^ 

f ^ ‘ ’ 3 - 1 to n 

and generalization to tensor relations . . . -^ • 

8 Practically all known theorem in PC and OL can be treated 
in BVMF, as well as information processing via the theory 
of relations (in BA-1 and BA— 2) . 

9 New types of electronic circuits for representing BVMF 
equations. 
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Lec ture 1 Boolean algebraic formalism (BA-2) for •propositional 
calculus and the theory of logical graphs 

This report briefly summarizes the formulae which we 
believe are necessary for working out any problem, or proof, 
in sentential logic in particular which form the basis for 
the multivalued logic in the theory of relations in general, 
and the theory of logical graphs for representing an argument 
and its implementation for practical problems. Only the 
formulae are given and no proofs are supplied. For convenience 
different symbols are used for standard classical logic using 
two truth values T and F and for SNS formulae requiring four 
truth values T, F, D, X. The former are denoted by non-under lined 
symbols (e.g. a, b) and the latter by double underlined symbols 


(e. 

1 , 

g. a, b, 0, A, Z etc). 

Boolean representation 

(BA-1) 

of classical logic 


(a) 

States T 1 # 

F \ — > 0 

(1.1) 

(b) 

Operations 





Negation ' la b | — > 


b (1^ » 0, 0^ 1) 

(1.2) 


Conjunction a A b * c 


a ® b = c 

(1.3) 


Disjunction a V b «= c 

I — 

a 0 b = c 

(1.^) 


Combination of negation and either conjunction or disjunction 
is illustrated by the example of 

Implication a b = ' ) a V b | — > a^ ® b 


(1.5) 
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* d, • 

The three basic operations in (1.2), (1.3) and (1.4) are 
sufficient for constructing the Boolean representation in 
BA— 1 of any sentential logic statement, and the fact that 
1 is a ring, is a proof of the completeness of the logic 
of sentential calculus. 

We also note that (1.2), (1.3) and (1.4) have truth 
tables in the standard form and that these truth tables are 
sufficient to work out the state of truth (a « 1 or 0) for 
any term a defined by a set of logical equations in 
sentential logic. 

2. States and connective operators in SNS 
(a) States ; 

T I— » (11) ; F (0 1) ; D (1 1), X (0 O) (2.1a) 

To distinguish from BA-1 representation, the state vectors 
in SNS are denoted by double underlined symbols such as a, b etc 
The symbol g stands for the vector (^ a^) where a^ and a^ 
denote the two Boolean components of the state vector. The 
properties of D and X are given below in (2.1b). , 

(1 1) = (1 0)©(0 1) = T\/F ;X » (l 0)(X>(0 1) = tAF 

(2.1b) 
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.3. 

The symbols ® and CS) in SNS is defined later (Section 2(d)) 

for SNS and BA— 2, and in Section 3 for BA— n. The operator 

o 

(complement) yields in SNS Eq.(2,2). 


(§ = b) 


^ » a 


- V 


SO that T°= F, T, X, x'^= D 

( 2 . 2 ) 


This operator is different from "negation” which is represented 
by the matrix operator N (see Section 2(c) for details). 


(b) Matrix operators 


In SNS we have two types of operators which we denote 
by the name "matrix" and "Boolean". The analogues of 
Eqs (1.2), (1.3) and (1.4) are matrix operators in SNS and 
are defined first. 


Negation : a N » b | «= , (n( » 

Note that 

^jN|Nl = f |Ej *= / ^ ((e/s equivalence) 



(2.3a) 


(2.3b) 


Conjunction 

a A b = c I ' ■ ^ ^ijA|l^ 

Disjunction 
a 0 b *= c V 


c^ , ^4jA°|l^> = = (^ c^)(2.4a) 







c^)(2.4b) 
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The Dirac bracket notation for the matrix connective Z is 
defined as follows. 


I Z I = ^ j 

: © a^ e hyo. ; )i , ^ ol, f 

A 

(2.5a) 

<j|ijZ|b^ = c 

* V- “ ® ^ / 

(2.5b) 

4 ( b> = c 

a.®b. = c % X ^ tL, 

(2.6 ) 


In essence, Eqs (2,3 - 2,6) are sufficient to construct all 
formulae needed for SNS logic, except for Boolean operators 
discussed below. However, in order to make the matrix calculus 
complete and applicable, we list these formulae under (c). 


(c) General 2x2 matrix operators in SNS • 


Define 





0 or 1 and jz^f 




(2,7a,b) 


Then, two types of relations, which we have named unary relation 

c 

and binary relation can be ddfined as bdlow. In (2.7b) Z 
is termed the complement of Z , Similarly, the complement 
of a vector -j^ajcan be defined as in (2.7c) 

“ (a^ a p ) ; Also <;a|M | = 


(2.7c) 
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* A'Q. . 


The operator M is not a matrix operator, but a Boolean 
operator as described in Section 2(d), but it is given the 
format of a matrix operator for convenience. 

Ci) Unary relation : This can be defined in the forward 
direction by (2,8a) and the same relation in the backward 
direction as in (2.8b) 

g Z = fe (2.8a) 

b = a h-» I Z^l= (2.8b) 

In this the transpose Z^ of the matrix operator Z is defined 
by (2.8c) 



Note that (2.8a) and (2.8b) are equivalent. This will be 
particularly clear from Section 3 on the theory of relations. 
Examples are : 

/^a I E I = (N I S E® )«h, <4 I I I = (2.9a,b,c) 

\diich stand for §5*1 * § 5? b , g J ® ^ • If we want 

to represent a relation like \a lb we do it as in (2,9d) 

a N I N » b H- ^ (2.9d) 
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(il) Binary relations; Binary relations of the type (2.5) 
and (2.6) can be generalized to the form 

a i S = c » (<^ c^) «= (2*10) 

In (2.10)j(4 can be any one of the 16 possible 2x2 Boolean 
matrices. However, only ten of these are of direct interest 
to the commonly used logical connectives. These are listed 
in Table 1. From the particular examples given in Table 1, 
it is immediately verified that the matrix \z 1 has its four 
conponents 2^^ the same as the Boolean elements in the 
truth table of the connective 2 in classical 2-valued logic. 

This isomorphism between the matrix algebra of SNS for binary 
relations and the truth table method of classical logic 
establisihes the complete concordance of the two for all formulae 
represented in terms of the states T and F only. It can be 
shown that, if and 1:^1 have only the state (1 O) and 

(O 1), then the vector <^| of Eq.(2.10) also has only these 
two states T and F. 

Although we shall primarily use the symbols ' I, A , V , - j. 

= for BA-1 algebra, and the symbols 2 s=N, A, E 

for BA-2 algebra, wherever it leads to simplicity, the standard 
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Table 1 

The Tea Connectives of Propositional Calculus 
and their BA~2 matrices in SNS 


A(and) 


a A b m c 

e: s ss 

a A b s c 

s= ss ss s 


o' 


0 Q 


» A(1,1) 


N A cv 

«= « implicate J^) 

-laAb = c 

a N A b e c 


0 0 
1 0 


A(2, 1) 


NAlUorg^^) 

a A — lb » c — laA — lb = c 
fANbes c aNANb® c 

fo l\ /o d\ 

» A(1,2) = A(2,2) 

0 0/ lo 1/ 


0 (or) 


D «s C 

B 8 


a 0 b = c 
88 8 88 88 


1 0 


= 0 ( 1 , 1 ) 


N g( imply = I) 


a N 0 b = c 


1 a 


1 1 


0 ( 2 , 1 ) 


0 K (iii 5 )licate NON (nand, A^^) 

85 88 T \ ^ ^ ^ ^ 

SS 0 ) 

aV ?h = c — ]aV "nb « c 

aONbssc aNONb = c 


i 1) /O 1 

= 0 ( 1 , 2 ) 

0 1 / " Vi 1 


0 ( 2 , 2 ) 


E (Equivalent) 
(a = b) ■* c 

a £ b *s c 


/I 0^ 


ts s 


1 ( 1 . 1 ) 


N(N€gation) « e'^ 
(§ ^ b) « c 


a N b 


0 1 


1 0 


1 ( 2 , 1 ) 


I = N 0 (imply) 


(suff) 


J « 0 N (iiigjlicate) (nec.) 


I^*s J » N I N (contrapositive 
" = form) 

(b «=^a) = (-na) =-^ ( — lb) 


De Morgan relations : A°=12=» = = 

«Tbe name “reverse, imply" is also used, and represented by a 4®=b 

. i- ' ’ 
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symbols for CL will be utilized for BA-2 and BA-3 formulae 
also. Table 1 gives a summary of the ten connectives of 
propositional c ale ulus j along with the corresponding matrices> 
and the description of each connective in terms of A, 0 or E.j 

Very recentlyjwe have introduced a notation for the 
four states of truth (truth values) T, F, D and X by 
denoting them by s(k), k *= 1, 2, 3, 4 respectively. Thus 

s(l) = T = (1 0) ; s(2) = F = (0 l) ; 

s(3) = D c (1 1 ) ; s(4) = X = (0 0) (2.11a) 

Using a notation analogous to a ijuantifier, we write § and — |a 
as s(l)(a) and s(2)(§) respectively. Then, a general 
connective Z ^ among the ten in Table 1,can be given a notation 
Z(k, £f ) as follows: 

i Z S = S Z(1,1) b, —la Z b » a 2(2,1) b 

SS SB SB SB S SB SB SB SB SB SB SB 

a Z —lb =0.Z(1,2) b, -na Z — |b - '§ Z(2,2) b (2.11b) 

This notation is also incorporated in Table 1. Consequently, 

a general binary relation in SNS is expressible as a Z(k,/^) b 

are 

and its consequences / that the terms a and b have the sign 
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(affirmation or negation) according as k and ^ = 1 or 2 
respectively. It will be noticed that a and ^ are only' 
dummy symbols indicating the name of the term concerned, 
but their nature, i.e. s(k) and s(-^), is contained in the 
symbol for the connective operator Z(k, . So also Z 
stands for the type of connective (namely A , V or ^ ) 
that is involved^ and the four possibilities for the former 
two cases, and two in the third case^ are distinguished by the 
indices (k,^). 

Equation (2,10) for a binary relation can be put in 
an even simpler form by employing BA-1 algebra. Thus, for 
■§ 2 ^ have the following: 


For Z = A , 

a^A 

II 


i>IJ = <:p (A^AND,(S))(2.12a) 

For Z = 0 , 

xz ss ' 



a/ A 

b^ = c^ (\/ ^ OR , ^) (2.12b) 

For Z = 1 » 


V” ! 

ajs = 

bj 5 = c^((=)=.EQU) (2.12c) 


These equations are readily implementable by using single 
Ifelectronic gates of the type AND, OR, X(®., We shall consider 
this aspect only at the end of the discussion. 
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For unary relations, namely of the type a Z « b also, 
such simple circuits can be designed, and will be briefly 
described later. 


The binary and unary relations are the equivalents of 
the following expressions in standarxi logic. 

g A b = c A b c) , for Z «= A etc. "^(2. 13a) 

a I = b (a A (a =#• b) b) , for Z = I etc. (2.13b) 


Any set of statements in propositional calculus can be 
split up into a sequence of such unary and binary relations, 
representing the elementary steps in the implementation of 
the logical graph of the argument. (We will discuss the 
logical graph and its implementation later.) 


(lil) Connection between the unarv form and binary form 
of a relation 



This 

can 

be 

stated very generailly in 

the 

following 

way. 

If 

a Z b 

SB SB SB 

SB C 

and 

c = T , then 

a Z SB b 

SS SB SB 

and 

b . a 

(2.14a) 

If 

= = - 

S8 C 

and 

c « F , then 

i S 

and 

b a 

S5 BS SB 

(2.14b) 


If a Z b <B c and c = D (T 0 F) , then a D « b and 

XSE <S CS SS SB SB SB 

/I 

VI 1i 


b D 


s » 


D 


If a Z b = c and c ** X, then either a or b *= X, or|Zj 


(2.14c) 

fQ 0 \ 

,0 0 / 
(2.l4d) 
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Tlie proof of those follow from the solution of JEq.(2,10) 
for the pure states T and F as inputs for a and b. For the 

xs s 

mixed states as inputs, e.g a = T ® F we have aj Z ^ ap = b 
which has the form a^Q ^ ~ ^ because matrix multiplication 
is linear. 

Many tautologies of sentential calculus come out as 
Identities in BA -2 matrix calculus. _As indicated in Table 1 , 
the contrapositive form of implication and the De Morgan 
relations follow as identities from the matrix representation, 

(d) Boolean operators in SNS 

These operations and have already been employed 

in matrix multiplication involving vectors and matrices. 

However, they have a logical consequence also when applied to 
two 2 -vectors (a* and a") forming the information ^egaixling 
the truth value of g) coming from two different sources. The 
operators are : 

Union (U , ® ) : a* U a" = a I — ^ aij ® g'Jj = J I 2 ® =2 =2 (2.15a) 

Vidya (V , ® ) : §* X =** “ = * — ^ =1 ® =1 “ § 1 » =2 ® =2 “ =2 (2.15b) 

The two operators are defined in terms of BA— 1 algebra on the 

r.h.s of ( 2 . 15 a,b). It will be noticed that they have a close 
resemblenee to (2.12a,b) for the connectives 4 and Q. This . 
interesting feature will be commented upon in the lecture. 
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Of the two Boolean connectives U and V , the vidya 

operator finds great use for making consistency checks to 

find out whether there is a contradiction. It gives the 

contradictory state X ** (0 0) if one of §* , a** is T and 

the other is F, Also, it gives the pure state T or F , when 

the 

one of a', a" is T or F, and/ other is D. It is very useful 
in multivalued logic, to find out the common elements Between 
two n— vectors a' and a” . 

The union operator is particularly useful for finding the 
logical sum of two SNS states. In the case of two SNS vectors 
a* and a", it gives T, or F, only if Both of them are T or F 
respectively. If one of them is T and the other is F, it gives 
D, and also D for all other combinations, except for X U X = X. 
The 4x4 truth tables for U and V are given in Table 2(a,b) 
and it will be noticed that they cannot be represented by a 
matrix operator for the following reasons. 

The 2x2 matrix of BA-2 uses the states T(1 0) and F(0 1) 
as the generators of the Boolean algebra. For the mixed states 
D and X, the output c of a Z b is expressible in terms of 
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the pui^ states T and F. Thus, 



DAT = (tat) ©(FAT) = T©F 

= D 

( 2 . 16 a) 

DAF = (TAF)®(FAF) = F©F 

» F 

(2.l6b) 

D A D = (D 4 1)^0 (D A F) = D ® F 

= D 

(2.16c) 

The linear algebra of BVMF leads to these 

simple 

equations 


for the state D in terms of T and F. On the other hand, 
it will be seen that no such formula exists for the 4x4 table 
in Tables 2(a and b) • In particular, for all matrix operators 
Z I, if either aorbin gZb = cis X, then the resultant c 
is also X. This still holds good for Z *= V , but not for Z = U. 
The operator U can lead to X for a U S only if both a and b 
are X. 


Table 2« Truth tables in SNS for the two Boolean connectives 

y and V 

(a) Union (b) Vidya 


V 

T 

F 

D 

X 

T 

T 

X 

T 

X 

F 

X 

F 

F 

X 

D 

T 

F 

D 

X 

X 

X 

X 

X 

X 


u 

JS 

T 

F 

D 

X 

T 

T 

D 

D 

T 

F 

D 

F 

D 

F 

D 

D 

D 

D 

D 

X 

T 

F 

D 

X 


For comparison, the corresponding 4x4 truth tables in SNS 
for the two matrix connectives A and O are given in Table 3. 
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Table 3. 4x4 truth tables for the matrix connectives A and. 0 


A 

T 

F 

D 

X 

T 

T 

F 

D 

X 

F 

F 

F 

F 

X 

D 

D 

F 

D 

X 

X 

X 

X 

X 

X 


Q 

T 

F 

B 

X 

T 

T 

T 

T 

X 

F 

T 

F 

D 

X 

D 

T 

D 

D 

X 

X 

X 

X 

X 

X 


3. Logical graphs and their implementation 

(a) Elements of logical graphs 

As mentioned above, any argument can be split up into 
a sequence of unary, binary or binary reverse equations. 

These have the forms as in (3.1a,b,c) 

aZaib, ^ (3.1a»b,c) 

Each of these can be represented by an elementary logical 
graph as shown in Fig.1. 

Therefore, any argument in SKS (propositional calculus) 

iK. 

can be represented by ^logical graph built up of these component 
building blocks. This will become particularly clear from the 
very simple example given below. 
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.14. 




Fig.1. Building blocks of logical graphs, 
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(b) Simple example of a logical argument 

Consider the argument '' a «and b implies x“ i.e.Ca A t) =«^x 
"fhis can clearly be broken up into into elementary statements^ 
as in (3.2a,b) 

a A b = g (binary) ; g I *= x (unary) (3.2a,b) 

S CS XS jj. «— < —5 

The logical graph of this is shown in Fig, 2(a)|. and the 

intermediate output g and the final output x , corresponding 

are 

to inputs a and b having the truth values T and F, /r given 
by its side. It will be seen from this, that x has a definite 
truth value (namely T) only for the first combination (T, T) for 
(a, b) . The way in which this can be generalized is obvious. 

We shall give below in Sectioned) a proof that any general 
argument can be splitied up into a sequence of such elementary 

statements and in^plemented. We shall now consider some finer 

# 

points in connection with implementing these graphs. 

( 1 ) Application of vidva operator : Consider the graph in 
Fig. 2(b). The equations are 

a I b I N e X (3.3a,b) 

The interesting point is that there are two inputs for x 

coming as the outputs ofthe l.h. sides on (3.3a), (3.3b) respectively. 
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Fig. 2. Examples of Logical graphs 

(a) g and ^ are inputs, g is the intermediate 
input-output, and g is the output. 

(b) Application of the vidya operator when a 
term jg has two inputs. 
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Consequently, the two may agree, or may contradict, one another. 
To take care of this, the vidya operator V should be applied, 
as shown by dotted lines in Fig. 2(b) . As mentioned in the 
previous section, this can not only detect the existence of 
contradiction, but the vidya check also gives at the same time 
the nature of x which is the outcome of taking the common 
information in x^ and X 2 . We shall illustrate this. Thus, 
the outputs for different combinations of T and F for a and b 
are given in the table by the side of Fig. 2(b). As may be 
seen from this, if a = T and b » T , x^ and X 2 have 
contradictory truth values T and F^and this is indicated by 
the In^jossible state X = (O 0) for x. On the other hand, 
the other three combinations of a, b do not lead to 
contradiction. Taking the second row with a = T and b = F^ 
x^s= T while X 2 is only Dj so that when x^ and X 2 are combined 
by the vidya operator, we get the more informative of the two 
prevailing over the other and giving the output x as T . 

This is a very general principle in logic and in proof theory, 
namely that if a statement cannot be proved to be either true 
or false by one method, and is definitely proved to be true 
by another , then the second result is to be taken. 
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(c) Reversal of argument from contradict i ons 

The question may be asked as to how we can find out 
the precise origin of a contradiction and make deductions from 
this. We shall illustrate this by the simple example of 
the logical graph in Fig. 2(a). In this, suppose, we denote 
the output X by ^ and that we are given that the correct 
truth value of x is X 2 = F. Then by the construction of 
the vidya operator in Fig. 2(b), it is seen that 
=1 = =2“^=^~^^ indicating contradiction. The question 
is, what we do thereafter. 

It is assumed that the latter inf onnation, namely X 2 = F 
is definitive. Therefore, x^= T is forbidden, and consequently 
x^ can be either F or D. We will take the former first 
and denote the new value of x^ by x' = F. We then reverse 
the argument backwards and rewrite Eqs.(3.2a,b) in the reverse 
direction as (3.4), (3.5). 

X* I^ = g* (3.4) 

vs sz « 

a (g‘ f a) = b’ ( 3 . 5 ) 

V/e further assume that g is given to be T without question/ 
and the possible value for b , denoted by b', is to be determined, 
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What is done effectively is to reverse the unary relation 


by using the transposed matrix^ as in Fig. l(a)iand reverse 
the binary relation to obtain (3.5), as in Fig. 1(c). Then 


the steps we obtain are the following. 


In (3.4 ) , X* = F (0 1) , |ri 


1 1 


0 1 


(0 1 ) 


1 1 


0 1 


= (0 1) = g' 
= F (3.6) 


In (3.5) , g' “ F = (a = b‘) and a = T > (1 O) /o l\ = (0 l) 


= b* = F 


(3.75>ri 


Thus, without making any logical argument, but using purely 
the matrix algebra of (3.4) and (3.5) which contains all the 
steps that are needed, we unequivocally come to the conclusion 
that b* is equal to F . Since is an initial input and the 
graph cannot be traced back thereafter, we can conclude that 
X c F and a *= T lead unquestionably to b* = F. 

If x* » D then the steps in (3.6) and (3.7) become 
as follows. 


(3.4), 

X* = 

3= 

D 

i 

1 

(1 

1 



= (1 

1) 

= 1* = D 

(3.8) 






1 

ko 

V 





(3.5) , 

=(a 
g' » 

D 

e 

= S') 

(1 


r' 

A 

= (1 

1) 

= b' = D 

(3.9) 


1 1i 
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Thus the doubtful state for x again leads to the doubtful 
state for fe, and hence is of no value, as it does not 
contradict the original input of ^ = T, Therefore, if the 
revised input of x is F, it leads only to the cohclusion that 
the revised truth value of is F, 

The main point to be emphasized is that the matrix 
algebra that we have developed gives a very simple formalism 
for reversing the direction of flow of a logical argument 
for back-tracking the steps in a logical graph. It is very 
useful, for example, in finding out the precise origin of 
the contradiction. This is true not only in propositional 
calculus, but also in predicate calculus, where the graph- 
theoretical procedures are identical in principle, but the 
algebra of the logical equations may be more complicated* 

(d) Proof that anv argument can be implemented as a sequence 
of elementary relations 

We shall give the proof of the theorem that the pattern 
of Eqs (3.2a,b) can be extended to any argument in propositional 
calculus (provided it does not have a circular sub— argument in it) . 
In such a case, the process indicated in Eqs (3.2a,b) can be 
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applied to break up the graph into a set of unary and binary 
elementary relations. The result to be proved is that these 
relations can be rearranged so as to be sequentially implement able. 
We shall show that this is possible for a general graph 
representing a list containing N elementary statements, each 
associated with one connective . 

It is readily verified that this is possible for a small 
number of connectives and as shown in Fig. 3. We shall 
extend this to any N by induction, by showing that^if the 
property of sequential implement ability holds for all graphs , 
then it holds for all '9 n*:1 * Provided the graphs do not contain 
any directed circuits. This is possible because each equation 
is only either a unary or a binary relation (the topology and 
connectivity of the input and output to the connective Z is 
the same for ^binary forward andj binary reverse relation). 

Therefore, if Eqs. (1), (2), ... (N) are given, and Eq.(N+l) 
is added, the last can only be a unary or binary relation. 

The condition that the graph does not have any directed circuits 
necessarily means that there is also one output from which 

we may designate by the term x • 
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(Z 2 is unary) 



(Z 2 is binary) 


Fig, 3. * Possible ways of constructing ^2 

adding in a unary or binary relation lor Eq.(2). 
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Suppose Eq.(N+l) is unary, then it will have the 
pattern 

Eq. (N+1) : x Z(N+l) = y - (3.10) 

where x is the aboce mentioned-term in in the graph 

and 2 is the connective involving the (N+l)fc<» unary relation. 

Since the graph with N equations is implement able by assumption, 
the input x (3.10) is availablej and therefore Eq.(N+l) 
is implement able. 

Suppose Eq.(N+l) is a binary relation ; then it has the 

form 

Eq. (N+1) : x^ Z(N+1) ^2 = y (3.11) 

Here, one of the terms or X 2 , must belong to the graph 
for the resulting graph to be connected. One such term is 
always available if the graph does not have directed circuits. 

The other term may belong ,to , or may be a fresh input g. 

In either case, the information needed for implementing the 
step in Eq.(N+l), namely the truth values of the terms x^ and X 21 
are available from the implementation of which is assumed. 
Therefore, the step N+1 , forming the Eq.(N+l),is implementable 
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in sequence thereafter. Thus, we prove by induction that 
any graph representing N elementary relations can be 
implemented in sequential order provided it does not contain 
any directed circuits. In fact, this proof holds for all 
values of N > 1 . 

Ideas for writing an algorithm for this purpose have been 
developed, but not fully worked out. We shall now consider 
some simple examples of circular graphs which contain directed 
circuits and which can give rise to complications, and show 
that they can be modified by removing the directed circuit 
and substituting it by a non-directed circuit, so that they 
also become implement able by the above theorem. Hence, the 
result of this subsection is quite general for all graphs 
in propositional calculus. In fact, the proof can be readily 
extended to logical arguments in first order predicate calculus 
also, with the only difference that the elementary unary and 
binary relations have more complicated algebraic forms, but 
logically having the same graphical structure as in Fig. 2. 



23 


MR-5 5 
BVMF-L1 
31 .ID. 86 


(e) Implemen'ta't ion of circular* ar’^nTnexi'ts 

The essential problems, involved in the construction 
and implementation of logical graphs containing circular 
arguments, become apparent even in a very simple exanqjle 
that is given below. We consider an argument composed of 
two statements as in (3.12a,b) 

iS=b» 1=1°^ 1 (3.12a,b) 

The general graph for this is shown in Fig;4(a), and it 
will be seen that there is no initial input which is not also an 
output. Consequently, we have to choose the input to be 
either one of the two terms a or b. The two possibilities 
are shown in Fig. 4(b) and are labelled Case(i) and Case (ii) 
resj)ectively. In Case(i) , the input truth value of g is 
designated as a^ and theooutput for the same term coming 
from the graph is labelled Since there are two Inputs, 

we have to include a vidya cheeky and this is shown in the 
figure, with the net resultant value of a marked as a*. 

The graph for case (ii) is similar, with the difference that 
the initial input is given to b. It is to be noted that both 
the graphs -for case (i) and case (ii) do not have directed 
dircuits, and their equations can be written as follows: 
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i1 

Z SB b , 

ss ■ tz ^ 

£ i S ■ fe' ii X fe = §' 

(3.13) 

*=1 

i 2 «= i. 

S i “ £2 > 2 62 ' £' 

(3.14) 


The results of applying these equations in the two cases for 
the connective Z being I (imply) and E(equivalent) are 
given in the figure 4(c). 

(1) Discussion for Z = I : The most interesting consequence 
that comes out of the table is seen from the entries for 2=1 
In this case, the possible truth values of (a, b) which satisfy 
Eqs (3.12a,b) are different) according as the ciixiular graph 
is broken at a ^ or at b. This is seen by comparing the two 
tables ’in';’ the upper half of Fig. 4(c). Case (i) only permits 
the coiabinations (a, b) to have values (F^ D) and (D^ D), while 
case (ii) permits the combinations (F^ T), (D, F) and (D, D) . 

In fact, apart from the completely non-inf ormative combination 
(D, D) , the output indicating the permissible truth values 
of a and b is quite different for case (i) and case (ii) , 
although the^ both correspond to the same logical graph of 
Fig. 4(a). Therefore, one important conclusion made is that 
more specifications should be given whenever there is a directed 
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circuit in a logical graph. In particular, the point at vhich 

the directed circuit is to be broken should be specified as 

one of the input information for the implementation of the 

argument. If there are more than one directed circuits, then 

every one of them must be broken jand a vidya check introduced 
each 

at / point of breakage^ comparing the input and output of 
the term at which the circuit is broken. No doubt this will 
lead to a non~directed circuit^but then the graph is implementable 
by the procedures mentioned earlier. 

(ii) Discussion for Z = | : The lower half of the Table 3(c) 

is still more interesting, in that^ irrespective of whether 

the circular graph is broken at § ^ or at b , no combination 

of definite truth values T or F is possible for (g, b). Thus/ 

in case (i)^ both = T and a^ = F lead to the contradictory 

state X for a' , and similarly, in case (ii), both b^ = T and 

and *= F lead to the contradictory state X. In fact, 

a 

this logical graph is/slightly modified version of the classical 

paradox of the Barber of Seveille. We may call this as the 
statement 

“double/ paradox”. In this case, reversing the argument from 
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the contradiction does not lead to the removal of the 

contradict ion jbecause both a = T and a = ,F lead to contradictions 

and similarly for b « T and F. 

(in case (i)),/ However^ it should be pointed out that this 

does not mean that there is no solution to the problem, because 

the input D does not lead to a contradiction, and both 

a and b can have the truth value D, Thus, although the 

doubtful state D represents the state of tautology in standard 

logic, it does have information value in SNS algebra. 

Therefore, the statement "may be true or may be false, is the 

about the graph in figure 3(b), 
maximum that we can say about a and b , is a factual statement/ 

In fact, this should be augmented by saying that the truth 

value of both g and b is ”D,but not T and not F” , This 

state does exists in BA-3 algebra as we will show later, and 

is quite a-neasonable Boolean algebraic notion which is 

essentiall for our BA-3 representation of quantifier states. 
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Logical _graTJis and their Implemeatatlon 

1. Introduction. 

This lecture will deal with the principles involved 
in the construction of the logical graph corresponding to 
a given argument and rearranging the steps of the argument 
so as to be sequentially In^lementable. This Is discussed 
in Section 2 and^for this purpose we need the principles 
developed in Section 3 of Lecture 1 — in particular the 
idea that any argument can be split up into a sequence of 

, -r f ■ 

unary, binary or binary reverse equations^ of the form of 
£qs.(3.1a,b,c) of Lecture 1, and that they can be represented 
graphically as in Fig.1 of that section. 

As mentioned therein, it is possible to rearrange a 

# 

given sequence of elementary relations ^ forolng the contents 
of the split up argument, so that they are sequentially 
implement able. Therefore, the inplementation of the argument 
can be carried out as per the rules given in Section 2(a). below, 
diifch gives in summaiy the procedures to be adopted, for implementing 
an argument so as to obtain the final outputs from the given 
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IxiftfaX inputs ^pi^v id ed there are no contradictions^^ and 

for checking for the existence of any contradictions in 

between, or in the final output. Thereafter, in case there 

is any contradiction, .. it is necessary to retrace the 

graph to find out the source of the contradiction. The 

procedure for this can also be given, using the rearranged 

list, and retracing the graph in stages, in the same way as it 

was implemented in the forward direction in stages. The 
back-tracking 

details of this/procedure are described in Section 3(c). 

After giving an example of a graph, with 14 connectives 
and 7 stages, both for the forward implementation and the 
backward irtracing from a contradiction, the principles 
governing these are discussed in Section 3. It is believed 
that this procedure can be applied for implementing any 
argument in predicate calculus, as well as in prpiKssitional 
calculus, since the principle of grai^ construction and 
implementation, in terms of unary, binary and binary reverse 
relations, is the same whether it is applied to propositional 
calculus, predicate calculus (or any type of mathematical or 
logical argument). Therefore, these principles appear to be 
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of great value for application to the construction of programs 
in computer science in general. It might even have application 
in the design of conpilers in which it might be possible to 
rearrange the steps in case a syntactical error is noticed. 

These are matters that have to be taken up for study in due 
course. 

2. Implementation of logical arguments in SNS 

(a) Rules for the forward implementation 

In the light of what was discussed in the previous lecture, and 
Section 1, we can formulate the following procedures for 
implementing an argument. 

(i) Split tqp the argument into elementary relations 
of the types unary» binary forward, and binary reverse, and 
list them in arbitrary order. 

(ii) Construct the logical graph, either in diagram or 
in a listing. Check for directed circuits, and if so decide 
vdiere each circuit is to be broken, and introduce a vidya 
check between the two terms produced at each point of breakage. 
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(ill) Slmllarljr Introduce vldya checlcs wherever there 
are two Inputs into a term. Add these steps in (11) and (ill) to 
the list of elementary relations to be Implemented. We ghal l 
call the new set as the enlarged set of logical equations. 

(iv) Rearrange the enlarged set for sequential implementation 
(algorithm for this will be -outldried' in Section 3'). At every 
place, where the output of a relation comes from the operator V 

or of A(k,<^ ) as a unary, or a binary reverse operator, add 
a statement to check if the output is X * (0 0). (The 

reason for this is explained below in subsection 3(a).) 

(v) Implement the logical equations one by one in 
sequence, including the X«checks. If there is no X as the 
output of any equation, proceed to the next equation in 
succession, until the list is exhausted. 

(vi) If^atyany step^the output is X, then stop further 

calculations and, check for the source of the contradiction by 

retracing the graph. The details of the procedure for this 

are described in Section 3, after the illustration of the above 

in section 2(b), 

procedure is given in an example jjand the retracing is e3q)lalned 


in an intuitive manner 
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(b) Loca'tlon of the consistency checks via the vldva operator 
and for con.iunctlons and .their Immediate consequence 

We shall explain the reason why the X-checks need be 
included only at certain places of the implementation in the 
above rules of procedure. This is because of the property 
that the matrix connectives of the O^Cl)-type, and of the 
E-type, can never yield the impossible state X as the output of 
a unary or binary relation, unless X is also an input, which 
is forbidden as mentioned above, since the calculation stops 
when X is tne output of any equation. It is also true for 
A(k, £ ) employed in a binary forward relation. So also, the 
Boolean connective U does not lead to X, as output, except 
when both the inputs are X, which is again forbidden. Therefore 
the ioqpossible state X can be the output of an equation in the 
sequence of operations only if it is concerned with a binary 
reverse, or a unary lalat ion, involving a conjunction ^(k, 
or the vidya opierator employed for the consistency check. 

(i) Vidva operator 

The case of the vidya operator has already been discussed 
in Section 3Cb) of Lecture 1, and it has been shown there that 
it will give X as output for non-X inputs only if one input 
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is T and the other is F. (This is the standard check that 

is' used for detecting contradictions, but we definitely look 

for it by obtaining it as the output of the Boolean connective V.) 

(ii) Unary relations 

As mentioned above, contradictions can occur for unary 
relations only in the case of A(k, as the operator since 
both Q(I)-type and E-type connectives can never lead to (0 O) 
output. For the case of A(k, /6^),we may illustrate the 
occurrence of X by the example of the unary relation a A = b. 

In this A = A(1, l)jSO that, if s(ka) = F = (O l), we obtain 

a A « (0 1) /1 0^ (0 0) r= X « b (l) 

Vo 0 ) 

However, the contradiction which is indicated by X coming out 
as the output of Eq.(l), is really due. to the contradiction 
between the input a « F and the con^junction relation a A t , 
which is \diat is indicated by the equation aA«b(oraAb T), 
The latter requires that both a and b must be T,and this 
contradicts the input a « F. Consequently, the retracing 
process will begin by making a revision of a « F to a’^ » T 
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and tracing the graph backwards to the origin of the 
contradiction (either in one, or more, of the inputs, or in 
some other way, as will be seen below). Obviously, the revised 
value of a, namely T, does not lead to contradiction in Eq.(l), 
but that is not is^ortant in so far as retracing is concerned. 

This simple case of Eq.(1) can be generalized to the 
form of Eq.(2) ('See pi ^A1') 

s(ka), a A(k^, » b s(^ b) » (O O) = X, if k = k^ 

Here also, the detection of the contradiction is made by the 
occurrence of the output X of the particular equation in (2); 
but its real origin is in the contradiction between the input 
s(ka) and the relation s(k^) a A(k^, sC^^) b. 

This feature of a possible contradiction between the input 
and the unary relation of the conjunctive type to which it is 
applied, occurs not only in propositional calculus, but, as 
we shall see later, also for relations involving quantifiers, 
of the QL'-I type aiTd QL— 2 type, in predicate logic, and is a 
common feature that is observed in the implementation of any 
logical graph. 
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We have already seen that a binary relation a (c, Z) ss b 

s ts ss ss; 

is equivalent to a unary relation a Z' « b ,with Z* * Z or , 

SS ss ss ss ss ts 

according as c « T or F. We have also seen that the equation 

a Z' = b can lead to a contradiction only if Z* is of the 
type ^(k, ^) . Hencej for binary reverse relations, contradictions 
can arise only for two t3rpes of equations illustrated by 
(3a) and (3b). ” , ..j:,: 

a (c. A) *= b, c = T, with input a = F j — >> b «= X 

i (c* O) * c “ vith input § = T I — ^b = X 

In both cases, the contradiction arises in the same manner as 

in Eq.(2)jWith the effective unary relation that is operative 

being a A(k^, » b , and the input s(ka) being such that 

k « k^ . We only give the theory here, but for practical 

# 

purposes, the BVM formulae for Eqs (3a) and (3b) j for the general 
case of A(k, ^) andO(k, will automatically take care of 

SS ** 

all these and Indicate X when there is contradiction. It will 
also automatically mean that the contradiction has arisen 
because the input to a conjunctive unary relation is not consistent 


(3a) 

(3b) 
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with the states of a and ^ that are demauided by the conjunction, 
Therefore, all that is necessary for removing the contradiction 
is to conveirt g to the revised value §** «= “1 § ® a^) , 

and retrace the graph with the revised value of 

The main difference between the unary relation considered 
in (ii) and the binary reverse considered in this subsection 
(iii) is that there is a second alternative by which the 
contradiction can be removed, namely modifying the input c 
into c^ « consequence of this can be illustrated 

by the examples in (3a) and (3b), as will be seen in (4a) and (4b) 
Thus, taKlng (3a) with c^ ** F > we obtain the equivalent 
unary relation And its consequence in (4a) 

a 0(2,2) = b, with a = F !—> b = F (=/= X) (4a) 

Similarly, taking the binary reverse relation in (3b), and 
putting ** T (= *n £) , we obtain 

a 0(l,l) ■“ b, with a » T ^ b « T (g^ X) (4b) 

Eqs (4a) and (4b) indie §te that the change from c to c^»s:?r -7 c 

eliminates the contradiction in the forward direction, arid 

it is only necessary to trace * . the graph from the modified 

at 

term c** backwards to arrive/ to the ultimate origin of the 


contradiction. 
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( v) Summary of Section 2(b ) , 

Thus, we have shown that the impossible state X can only 

arise under two situations — (a) as the output of a vidya 

check, and (b) as the output of a unary relation involving a 

con;5unction. In either case, the origin of the contradiction 

is at input stage of the step (equation) for which X is the 

output. The procedure to be adopted for back-tracking in each 

of these cases for the minimum next step are as follows. 

If V Xo « X » X, then x^ and X 2 are mutually 
contradictory, e.g. x^ « T, X 2 « F. 

In that case, we must decide from the conditions of the problem 
as to which of the two is correct (suppose X 2 = F is correct). 
Then, the other one -is changed to ^ x^u(in.this case 
and the graph retraced therefrom upto the input stage. 

If a A{k,£) » b = X, then, by the discussion given above, 
it follows, that g must be changed from s(ka) to s(k^aO 
i.e. if a « T, then the revised value is ^ = F, and, 
vice-versa, if a « F, then' a** » T. In this case also, we 
retrace the graph from in the reverse direction to the 
ultimate source of the contradiction. 
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g ^ )) *= ^ and c = T , or a (c, 0(k^, ^ ')) = b 

and c *= F, we obtain effectively a 4(k, X) = b , and hence 
it is possible to have b = X , as indicated in the last para. 
Then, we can remove the contradiction by changing either s(k) of a 
to ,s(k*^) of and retrace the graph as for the unary relation, 

or change c** = ' Jc and tetrace the graph from c^ to the 
source of the contradiction. 

In all cases, the graph is to be retraced backwards^ in 
the reverse direction to the forward implementation^ from a 
term in the stage previous to the stage at which the contradiction 
arises. The actual process for doing this is described in 
the next subsection and all these procedures will be illustrated 
in a fairly complicated graph in Section 3. 

I 

(c) Procedure for the back-tracking from a contradiction to its 
ultimate source . 

We have seen, in the above subsection (b),how we obtain 
the effective reversal of sign of one or more terms as a result 
of contradiction arising from the operators V and A(k, ^). We 
shall now consider the effect of this back-tracking process on 
the three types of relations that are possible, namely unary, 
binary forward, and binary reverse. 



( l) Unary relation 
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Suppose, we have g Z(k, /) » b and b is replaced by 
; we wish to find the effect on § hy reversing 
this equation. This is worked out by reversing the unary 
relation and writing it in the form Z^(k,-^) ® a^» by the 
simple rule that the operator for the reverse unary relation 
is the transpose of the forward matrix operator. We do not 
have to consider the transpose operator quite generally, but 
restrict ourselves to the case when b^ = lb . Then the 
following consequences occur as indicated in (5) aod (6). 

For Z «s 0(1) “type and E-type, b^ •^ ) >= a^ » la (5a) 

This follows from the well-known equivalences 

(a b) = ( — lb— ig) and (a=b)^(-nb= — ) g) (5b, c) 

and the fact that b^ could not have been D, if the reversed 
path from a contradict io/i has reached it. Consequently, it 
is only necessary, in the retracing process, to negate the 
input g to a^ = ' — |g if the output b is negated, and the 
proceeding step can then be implemented for the back— tracking 
process. 

However, the situation is quite different for Z =A-type, 
for then 

g 4(k, .&) = b X b"' A*Ck, = s'" = X, lor — \b (6) 
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This is because, in the forward direction, ^ was the output 

of the relation A(k, and hence has the sign s(.-^ b) which 

with gQ that ' 

is consistent /j th® con;5unction A(k,^), when we replace 

it by b^) it obviously contradicts the relation 

of the reversed relation 

and Indicates this by the output ^ /becoming equal to X. 

So here w^e obtain an impasse. We have started retracing from 

a contradiction^ and on going back, we once again come to a 

contradiction^ and Retracing it once again to go in the forward 

direction would lead back to the first contradiction. In other 

words, the argument itself is invalid; and some step in the 

c ont radict ion 

argument is wrong in between first " / from which the 

back-tracking arises and the second tontradiction which is 
noted via Eq. (6). Such features will be discussed quite 
generally in connection with the dis cussion of paradoxes in 
a later lecture. 

(ii) Binary reverse relation 

We consider the binary reverse relation, before the 

forward relation, because it is effectively equivalent to a 

il<v 

unary relation as pointed out above* There fore, /binary reverse 
relation leads to a b , Where « Z(k,^) as in 
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subsection (l) for unary relation given above, all the 
discussion under that heading is operative, so long as the truth 
value of c is not modified. Therefore, one consequence of 
changing b to b^ = lb is that a becomes a^ = la , 
provided c is unchanged. Here again, b =^4: D, so that 
b^= 1 b =j(4: b . 

On the other hand, c may be changed to c = ic, when 
it will be found (proof left to reader) that the forward 
relation gives consistent with Vb, and we can retrace 

from c^ to the source of the contradiction. In other words, 
in the case of a binary reverse relation, there are two ways 
of eliminating the contradiction, namely by changing either 
to “ — lb, ^ c to — ic . Each of these possibilities 
will have to be worked out to the next previous stagehand 
successively back to the origin of the contradiction. This 
is quite reasonable, since the relation is a binary relation 
with two inputs a and g leading to the output b , v/hich is 
negated in the back-tracking process. We shall illustrate 
this in the example. 

(iii) Binary foirward relation 

In this case, ^ ~ ^ the equation in the forward 

direction from stage j to stage and the output g in 

stage j+1 is converted into c* = ic in the back— tracking 
process. Consequently, the relation becomes modified as shown 
in (7). 

(s*Z b‘ * g' = ■ — (b*(c’, Z^) = a’) (7a, b) 
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3 . Exa mple of a simple argument in SNS 

(a) Rearrangemeat of the list of equations for seauentlal 

Implement at Ion 

The logical/ of the argument which we shall employ for the 

illustration is shown in^'^^^ti.v^and the listing of the elementary 

equations which constitute this argument is given in an 

inSie^ 12. 

arbitrary order in column 2 of Table 1/ The graph has no 
directed circuits, and therefore step (i) of the rules of 
procedure for implementing forward arguments given in the 
previous section is not needed. This does not, however, make 
the example specialized, since there exist a number of non- 
directed circuits^ and it has also two places where the vidya 
operator is employed- Thus.Eqs (7 and 8) have initially the 
same output d^, and Eqs (9 and 10) have the same output e1 
respectively, as shown by dotted lines in Fig , 4 ^ By step (iii) 
in the rules, vidya checks are introduced in both these cases, 
and the two inputs, of (7 and 8) and (9 and 10), respectively, 
are denoted by ^* , and el', el"* Two vidya checks are 
then introduced, in Eqs (8a) and (10a), leading to the required 
outputs, and el, respectively. Therefore, the enlarged 

list contains 14 equations — 1 to 12, with (8a) and (10a) 
being added. 

The procedure for step (iv) in the rules — namely the 
process of rearranging the enlarged set for sequential 
inplementation — is described in a tabular manner in Table 1, and 
is carried out in seven stages for this particular graph, such that 
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at each stage^the input^) for the equation implemented at 

either 

that stage consist^s) of term^) belonging tofthe initial inputs 
given at the top of the Table , or the outputs of the previous 
stages^ only. This can be carried out in a systematic manner^ 
following the procedure we shall mention below in an intuitive 
manner. The detailed algorithm to carry this out is reserved 
for a later report. 


(l) Stage 1 : Thus, in stage 1, we consider all equations 

in which either the only input for the equation is available and 

^ the among the inputs ^ to 

either one, or both, the inputs for equation are available, / 

This happens, for instance, in Eqs (l), (2), (3)» (^)» (5), 

column under 

(7), (8), (11) in stage 1. These are noted in the/ number 1 

of stage 1. Of these, however, only Eqs. (l), (2), (5)» (8) 

are implementable, because the full information required for 

only for these input 

the l.h.s of the equation is available from the initial inputs/ 

The other four, namely (3), (4), (7), (11), are all binary 

relations in vdiich only one of the two inputs is available 

from the initial data. Therefore, we mark them as "Hold" . 

For the remaining equations, namely (8a), (9), (10), (10a) and 
(12), both the inputs are not available, and they are marked 
by a dash. 
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Stage 2 : In stage 2j we consider the equations that have 

not been implemented^ and examine first those that are listed 

as "hold" and verify if the second term required is available 

in the outputs of the equations considered in stage 1. This 

happens^ in this example; for Eqs. (3) and (4) whose outputs 

c2 and ^ are marked. On the other hand, it does not happen 

for Eqs (7) and (ll) which are marked "hold" in stage l^and 

they are 

therefore^ once againytoarked as "hold" in stage 2. 

Then, we examine if the only input required; or one of the 

two inputs required, are available within the outputs of the 

% 

previous stagej^in any of the remaining equations. This search 

brings out Eq.(6),in which ^ is available from stage 1, 

also 

but not d1 . Therefore, it is/mairked as "hold" for stage 2, 

Fcr Eqs. (8a), (9), (10), (10a) and (12), both the inputs are still 
not available, and they are marked by a dash. This conpletes 
stage 2. 

Stage 3 ; The procedure adopted for stage 2 is repeated for 
stage 3, and we examine those marked "hold" for stage 2 first, 
and verify whether the second input is available in stage 2. 

This happens, for instance, for Eq.( 6), for which d1 is 
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available in stage 2, and is implemented in stage 3. On the 
other hand, for Eq.(7) and (11), the second input is still not 
available and they continue to be marked as "hold''. 

Considering fresh inputs from stage 2, we have Eq,(9) 
for which c2 is available as input from stage 2^ and is a 
unary relation^so that it is implement able in stage 3. The 
others are such that neither of the two inputs are available. 

Stage 4 ; In this stage, we repeat ' the same process as in 
stages 2 and 3^ and we find that Eqs (7) and (10) are 
implement able, while (I0a) enters as "hold" and (ll) 
continues in the category “hold!! 

Stage 5 : In this stage, Eqs (8a) and (lOa) become implement able 

i 

while Eq,(ll) still continues to be "hold”, and it is 
implemented only in the next stage. 

Stage 6 : Only one equation is implemented, namely Eq,(ll), 
while (12) comes under the category "hold", and this equation 
is implemented in the last stage 7. 

Stage 7; Eq.(12) is implemented and completes the list. 
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As will be readily seen» the procedure is very simple 
and algorithmic) and requires) at each stepjonly the examination 
of those equations not included in the sequential list, 
and the dutputs of oust the previous stage) in addition to those 
in the equations that are under "hold". Another merit of 
this process of listing them under different stages is the 
fact that in implementation, as will be seen below, all the 
equations in one stage can be implemented in parallel processing^ 
and only the stages have to be successively implemented in 
serial processing. The sequence of the equations contained 
in a particular stage is of no in 5 )ortance, and can be modified/ 
if necessary. 

Cb) Im-plementation of the sequential listing in the forward 
direction . 

(Sheet 13) ,, ^ ^ 

Table 2/gives the sequential listing prepared for 

using the data in' Table 1. 

implementation,/ It lists, in sequence, the inputs^ and the set 
of equations to be implemented in each stage. Those, having 
the same stage number n , are given the serial numbers 

(n.1) to (n-kn^ where is the number of equations considered 

in stage n . Then, the implementation is carried out in the 
sequence 1.1 to l.k;;^, 2.1 to 2 .k 2 ', .... » and it will be 

found that they are sequentially implementable , as we shall 


illustaate in this example 
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The purpose of this section is to illustrate the 

procedure of sequential implementation in the forward direction, 

and also to indicate how one can retrace the graph' from a 

contradiction and obtain a revised set of inputs for which the 

contradiction will be eliminated. The former is shown in the 

(a), in Sheet 14, 

first row of Table 3^in which the implementation goes through 

the stages, 1, 2 and 3 , but leads to a contradiction in stage 4, 

after which the implementation is stopped. Then, we can 

trace back from the contradiction and this is indicated in 

(b). 

rows 1 to 4 in the second half of Table 3/ The resultant 
modified inputs aj to ^ are then fed back in rows 
2 and 3 in Table 3(a)jWhen it is found that the graph is fully 
implementable j and the output ^ is a non-contradictory state* 

(•. • oogii The elimination of contradiction only assures that the 
graph will be implementable upto stage 4, where the contradict ion 
was noticed, but luckily it is also found to be implementable 
upto stage 7 in this example.) 

segments of the forward 

We shall only give the tricky/ procedure in this section* 
we shall process 

but/describe in detail the back— tracking/in the next subsection 

(c)j, since that is the one in which BVhlF procedures, and the 
technique of sequential implementation via stages which is 
outlined here/gre particularly intesee sting. 
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we 

Thus/shall not give the vector-matrix formulae for 
the implementation of Eqs. (1.1) to (1.4), (2.1), (2.2); 

(3.1) » (3.2) leading to the output x for in '(4.1), 

except for the last equation (4.1) in stage 4, namely 

(ii, 0) = (8) 

In thiS; ^ = F ) so that Eq.(8) becomes effectively the unary 
relation 

^ A(2,2) «= & ( 9 ) 

In Eq.(9), ^ * T,as given by the listing of the input in 

column 2 for Inputs. This input T is in contradiction with 
conjunction denoted 

the A(2,2)j which stands for the relation ' A 1^*. 

This conjunction is violated by the input ^ * T . (This is 
a very interesting feature of unary relations which was 

Y 

described and explained in Section 2(c^^ Hence, if is 

not to be X, a2 must be F, and we have come back straight to 
one of the inputs. Thus, one set of inputs that will remove 

Y 

the occurrence of the contradictory state for is 

^=T, a2=T, a|=F, ^ = T, ^=T (IO) 

This is given in row 2 of Table 3 with the changed term ^ * F 
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marked in ring. The forward Implementation of the graph 

with these inputs is also Indicated by the truth values for 

the various ■ - terms occurring as intermediate 

input-output in the implementation of the graph. It will be 

noticed that becomes D, so that there is no contradiction; 

but what is more interesting is the fact that, on going further 

no 

into the implementation of stages 5, 6, and 7, there are/more 
contradictions occurring and the final output x has the truth 
value T. It is interesting to note that although in stage 4 
the two outputs and are both have the doubtful state D, 

they get purified in the successive stages to one of the pure 

(T or F) , T 

states/' and the output has a definite truth valuef' and not 

the indefinite truth value D . 

On the other hand, we can also have ^ changed from F 
to T when Eq.(8) laads to Eq.(ll) below. 

^0(1,1)=^^, X (11) 

thus removing the contradiction at ^ * We should therefore 

X* 

retrace the graph from the revised value of ^ = T. The 

of Table 2 

relevant equation is (3.1/, namely ^ 4 ^ ^ . Tn thisj 
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as a result of reversal of the graph; has been found to 
have the value T. Therefore, in order to reverse the graph 
from here backwards, the necessary condition is 

^ ‘ — ^ an<i = T (12) 

(Here we are using an intuitive argument rather than the 
stfict BVMF procedure as given in Fig. 3(c) and Section 2(c) (iii). 
However, the idea is clear that in this path of the reversed 
graph, two changes have to be simultaneously executed, namely 
of changing ^ from F to T and changing ^ from F to T. We 
shall follow the consequences of each of these.) 

_ we note that 

W Thus, taking ^ - ^»/ Si output of the equation (l.3) 

j\ “ 

^1(1,2) in stage 1. Therefore, on reversing it with 

I* 

b2 e T, we have 

1(1,2) - » T » F (Input term) (I3a) 

On taking d1^c T, we must reverse Eq.(2.2) of stage 2, namely 
^ 0(2,2) “ <i1 y ^^h^whiciie the value ^ » F in the forwaixi 

j inclement at ion haS;t50-l)fi changed to d^ ■* T. Hence we obtain 
the reversed equation 

0(2,2) ^ - T) 3 (c1^ A(1,1) ^ *= F) c1^ = F or F 

(13b) 
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Of these, F is a revised input and is the same an 

what was obtained in Cl3a). 


Therefore, taking c1^ * F we reverse the equation (1. 
namely ^ 2 ^ Sij >^ich leads to (I3c). 

(a1^ 0 = F)-^(a1^ A(2,2) a2^ = T) a1^ « F and a2^ 

SDBSBE l i i Bi lli iJSJtmm S— SSBSES SSSSSi — g ; 

(inputs) 


2 ) 


*= F 

Cl3c) 


Thus, the second possibility of having b2^ * T leads to the 

consequences for the input of (I3a), C13b) and (13c) with these 

conditions interconnected by the logical connectives “CXI'* and 

in sheet 15j 

"AND”, These results are indicated schematically in Fig. 5 / 

and also in a tabular manner in Table 3(b) from which it can 

be seen that they lead only either the set of revised 

of Table 3 

inputs already considered in row 2j/or the set of inputs listed 
in row 3» namely a1*“F, ^*=F, ^“T, a3 = T. 


Just as with the inputs in row 2, in the case of inputs 
in row 3 also, the graph is fully implement able. Thus, the 
contradiction at dj^ is removed and replaced by truth value D. 
However, the final output is also in the doubtful state D. 

The important point is that the contradiction has been eliminated 
and the graph shown to be implement able upto stage 4, 
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It Is not difficult to convince ourselves that the 
inputs in row 2 and row 3 are the only ones with ^ « T and 
ag « T that will avoid the contradiction X. To illustrate 
this in row 4, the graph is implemented for the inputs in C15) 

that X arises again at d3 . 
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.A1, 


s(l) « T » (1 O) ; s(2) = F « (O 1) 

s(3) «= D » (1 1) ; s(4) B X IB (0 0) 

s(ka) ^(a ■ s(k)) ; s(ka) Z(1,1) s(^ b) = a2(k, b 

s(ka) Z(k<^,^^) *» s(^b) (unary) 

s(ka) sC-^ b) Z(k-j,-^^) ■« s(inc) (binary forward) 

s(ka) , (s(ni^c)^ -^-j)) ■* b) (binary reverse) 




s(ka) 2»(k», ^Jj) 

= 

s(^ b) 




s(la) 

A(1,1) = s(lb) ; 

BB 

(1 

0) 

r 

0^ 

(1 

0) B T 





\0 

O. 



s(2a) 

A(1,1) « s(4b) ; 

(0 

1) 

I 


o\ 

(0 

0) B X 




I 

u 

Oy 



0(2,1) 

B 1(1, 1) = I « 







s(la) 

I - s(2b) ; 

(1 

0) 


0 ^ 

(1 

0) B T 





V* 

1/ 



s(2a) 

I « s(3b) ; 

<0 

1) 

n 

o\ 

(1 

1) = D 





Vi 

1> 


0) 



.Ala, 
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BASICS OF UNARY RELATION 

a Z b = b a (Relation) (la,b) 

(a Z - b) = (b Z^= a) (Unary form) (2a,b) 

e.g (a — b) = ( b ]a) (3a,b) 

(Aa) 

(4b) 


(1 0) /l 0 

V1 1, 


(1 0) J (0 1) /I = (0 1) 

VO 1. 


(o 1 ) h o'V = ( 11 ); (1 0 ) /I i\ = (1 1) 


1 1 


0 r 


(1) = (2) ” (s Z U = T) (5a) = ( b Z^ I » T) (5b) 

Write (5a) as (a (T, Z) « b) =(a Z » b) (2a) (a Z b = T) (la) (6) 
(Binary reverse) (Unary) (Relation) 

Then 

(a (F, Z) . b) = (a Z b . F) S (a b - T) = (a l' - b) (7) 

(Binary reverse) (Relation) ( Relation ) ( Unary ) 


(3 
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.A2. 

TRA NSLATION OF BVMF IMTO S TANDARD LOGIC 
(a) UNARY RELATION 


((1) = T) = (2) leads to 
(a Z b - T) = (a Z - b) 

In standard language, this becomes 

a* A (a Z b)rD b* , where (f'Z » b*) 


( 8 ) 

(9a,b) 


For Z » I i. (9a) is equivalent to two relations (I0a,b) in 

*= SE W 

standard logic 

a A (a b) b (lOa) ; "n a A (a -=^b)C>(b V *^b) (lOb) 


and the equivalent BVMF equations for (9b) are 


Z| . /I 0\ 
>1 1 


(1 0) /l 6\ « (1 0) ; (0 1) A 0^ 


(1 1 ) (11 , 

f c / 


i.e. a* I - b* ^ * a|. b^ =: b^ V b|. 


( 12sif ^ f c) 


(9) is the generalization of (10), (1l)» (12) 


A (a A b) 3 b (13a) ; -^a A (a A b) 3(b A “"lb) (Z « A) (13b) 
A (a Vb) 3(b\/3b) (14a) ; *na A (a V b) 3 b (Z « 0) (l4b) 


The generalization of (8) to § ? ^ ^ 

"binary reverse relation" 


is the 
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T RANSLATION OF BVMF I NTO STANDARD LOGIC 
(t>) BINARY FORWARD RELATION 

(a I 1 * ^ (a Z b £ c) (I5a,b) 

e.g. 


(a A b = c) H ((a A b) D c) A ('nCa Ab)0 "ncj) (l6a,b) 

sr s = 

(g 0 b = c)= ((a\/b)3 c) A (-1(a\/b)Dnc)) (17a, b) 


each 

In fact, ( 16 ) and (17) are /equivalent to two equations ]n 
(I8a,b) and (I9a,b) 

(a^A » a^ V b^ * c^) E (a A b E)c) AC^aV'^bD'Ho) 

(18a,b) 

^ ^ ® 9/ » 1 =: (a \/ b Z? c) V ('^a A"~|bII)“nc) 


Eqn (15a) is equivalent' to the BVMF equation 

<alz\b> = c^, <;alz'Ib>= cp * <Sl ^20) 
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;a4. 

TRANSLATION OF BVMF INTO STANDARD LOGIC 
( c) BINARY REVERSE RELATION ' 

We repeat (8) and (7) 

(a Z b - T) H (a Z « b) = (t f - |) 

(a Z b . F)= (a Z® b - T)E(a Z® = b)E(b . a 

8 SS IS SS 8 . *C ss SS 8 T® tS, 8 


Write (21a), (22a) as 


g Z) « b , for c « T, F 
and generalize to c * (D e T 0 F) and (X « T ® F) by 

h f 

.1 1 > 


(a (D, Z) = b) = a(Z 0 Z'') * a D = b = D ; D 


and 

(a (X, 2) *= b) 


a(Z<^Z®) = a X * X ; 


0 0 ] 
VO 0 


(21a, b,c) 
) (22a, b,c) 

(23) 

(24a) 

(24b) 



l^ l : P^' 1 


^ 5 . 



. a* = T, a" = F a = T A F = (1 0) © (0 1) = (O O) = X 

a* = T, a"^ = T i — > a = T X ; Retrace from a”^ 

or 

a*^= F, a" *= F i — » a = F sgt X ; Retrace from b"^ 

(a) Vidya check (Boolean connective) 

Fig. 2 The only three possible ways of a contradiction arising 
in a logical graph. 











s{k%) £) » s(4b) t= X ; 

e.g. (1 0) fO 0\ = (0 0) 

v1 0/ 


oik, Z) andE(k, 
cannot yield b = X 


s(ka) A(k, ^ « s(i b) X ( ^ * 1 or 2) 

e.g. (0 1 ) I^O Oj = (?f 0 ) 

Hence > X f— ^ a *» '' 1 a (k a ka) 

Cl sc 

I 

Retrace from g 


Fig. 2(b) Unary relation (Matrix connective) 







j — y 



retrace 


^ X 

Same as for (b) 



s(k^a) (T, A(k,^)) — s(k^a) A(k, » 

s(k^a) (F, 4(k,.^)) s(k^a) 0(k^ = \ 

e.g. 0) fO p\ » (0 0) ; (1 O) 

s(1a)A(2,l)> I q] s(1a)0Cl,2}^ 

sCk'^a) (F, 0(k°, i®))^s(k'^a) Mk, i) = 
sCk^^a) (T, g(k®, i^))=s(k^a) OCk*^,/) = 


In either case, retrace from 



'^c 


Lretrace 



See below 

X 


lj = (1 1) 

X 

D 


Fig. 2(c) Binary reverse relation (Matrix connective) 
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Explanation of Fig. 3(a) — Reversal of unary relati on 

To show fZ-b, *= ' for 

Z « Q(f)* E-type and X lor Z ** A-type 

For to go through, must be T or F . If b » 1 

I* 

b ■= “~1 b = D = b and the reversal stops there. We 

SS SSS 48* 

are also considering the case of b *fL X, 


0-type 

s(k®a) 0(k,-^) ai£ b) , replaced by s(-^*^b^) 

s(^b^) 0{£, k ) I— ^ s(ka^) , as against s(k®a) 
l.e. (a O » b and b D) ^ ("^b « — la) 

A-type 

s(ka) A(k,^) 1—^ s('^b), replaced by s(-^^b^) 

sC-^^b^) aC-^ , k) ^ s(4a ) = X 

l.e. (aA=»b and b X) t •- > ( lb A^ *» X) 


Forward 

Reverse 


Foi*ward 

Reverse 



^9 



a" a for 2 e E or 0(l)-type 

= X for Z = A~type 


Ca) Unary matrix relation 



Same as for (a) J 

Z » E, 0(1), A 

(b) Binary reverse matrix relation 

Fig, 3 Implementation in the reverse direction (back— tracking) 
of matrix connective relations. 












I 


0 ( 2 , 2 ) 


1 ( 1 ,^ 


Fig. A Logical graph of the argument listed in Table 1 . 

The dotted lines correspond to two inputs for the terms 

^ and e which are compared by the operator 5^ in each 
case before implementation. 
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Tpble 2. Rearranging the arbitrary listing of Table 1 Into 

seque n'tlal order 






h in Fig. h to 



^ Input 


No a1 a2 a3 a4 a5 


b1 c1 b2 dy c2 d1 d2 e1' 


e2 X 


1T TTTTTTFT TFFT XD 
2TTrF^TTTTDT TTDlfD^DTTT T 


3 F F F T T D F D T D T D D D D T D D D 


4FFTTTlDFF!r FT FD XD-- 















LI- 



Revision needed 2 (a3^ ^ (a3^ A (a5^ V/ Ca1^ A a2^)))) 

- (a3^) V Ca3^A a2^ A al"") 


Fig. 5 . Flow chart of the backtracking from the contradiction 
at d3* for the forward inclement at ion of Fig. 4 with 
■ttie dLnpu1;s In Row 1 of Table 3* 
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Preface 

This report contains the essential ideas concerned 
with the formulation of quantifier states in BWF and the 
application of these for the two types of quantified 
statements in predicate calculus, namely those belonging 
to QL-1 and QL-2, The material contained in this report 
is in the form of overhead projector fonnulae and detailed 
explanations are not given, as these lectures will be revised 
and rewritten in Series-3 for application* So also, some 
of the formulae, as in page 1, Lecture-4, require emendation 
although they are basically correct, since the definition 
of relative truth values in SNS logic and quantifier logic 

have been more precisely given in Lecture Series-3| 

/ 

they are left as they are, since the definitions given here 
are employed in the succeeding pages of Lecture-4* 



Lecture 3 


Essentials of Quantifier logic 
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DEFINITION OF THE FOUR CLASSICAL QUANTIFIER S 


Subset 

universal set ^ A 2 ; ... , 

j 

with n members iS described by BVMF vector CL 

(1) 

Define 

*s ( 8.1 1 b 2. f 0 0 0 f ai f 0 0 0 f Sin.) j 


ai *= 1 

, if A and 0 , if A 

(2) 

Ddfine 

a = (qi)(ai) *= quantifier state of A 

(3) 

The four classical quantifiers are: ■ 


q *= V 

: "For all" ; q » 9 : "There exists" ; 

(4a) 

5 - $■ 

: "For none" ; q » _A. : "Not for all" 


Definition 


V : 

(\/ i) (ai) ai «= 1 

<5) 

3 = 

(9i) (ai) V ai = 1 

i 

(6) 

§ : 

(Vi) (nai) /^ (— \ai) =1 (=7^ a^i c 1) 

(7) 

A: 

(9 i) (nai) V (nai) *= 1 

(8) 
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additional quamtifiere produced by boo lean cqjmnectives 

Just as two additional states D = T0F, X »T(X>F 
in SNS logic , lour more quantifier states , named 

q -= A : "Indefinite" ; q « 0 : "Ij^ossible" or "null set" 
q «= £, : "For some" ; q = (^ : "For all or none" (4b) 

are definable as in Eqs (9) to (12) : 

A : (Ai)(ai) - (3i) (ai) 0 -=}(3i)(ai) 


<^**^ (3i) (ai)0(\/i) (“lai) (9) 

0 : (^l)(ai) - (\/l) (ai) ® =}(Vl)(al) 

(Vi) (al) ®(3i) ^ai) ( 10 ) 

£ : (£i) (ai) = (3i)(ai) (X) (3i)( — I ai) (ll) 

(C) ; (0i) (ai) » ( Vi)(al) ^ (l/i)( — I ai) (12) 


The connectives 0 and are different from V and A in 
standard logic (although they are equivalent to one another 
in BA-1) and correspond to the logical relations 

V a" ^ and i* A a" ^ (13) 

where a* and a" are information from two sources regarding 
the quantifiers state of the same term a • 
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nRSCRIPTION OF THE EIGHT QUANTIFIERS WITH BA-1 TRUTH VALUES 

The number (2^ ) of members "that are present in the 

subset ^ with quantifier state (qi)(ai) are as follows: 

Table 1 Seml-lntuitive derivation of generators of QBA 


Quantifier 
state 
(qi) (ai) 

Description in 
Set Theory 

QBA 

symbol 

Range of 2/' 

QBA 

description 


Standard auantifie 

rs 



(Vi)(ai) 

All are present 

. V 

n 

V 

(3 i)(ai) 

Some or all A^ are 
present 

3 

3^= 1 to n 

V ® i 

(3 i)(-]ai) 

Not all Aj are 
pre sent 

J\ 

y = O to 
(rx - 1) 

^ 0 £ 

(V i) C-7ai) 

No Aj_ are present 

Additional ouantifi 

§ 

ers 

7^= 0 

§ 

(1.1) (ai) 

Some are present , 

but not all and not 
none 

1 

, 1 

1 to 
(n-1) 


(0i)(ai) 

All Aj^ or no Aj^ are 
present 

© 

0 or 

2/ = n 

V ® $ 

(Ai)(ai) 

All A^, or no A^^, or 
some ^Aj^ aire present 

A 

0 to n 

1 ® V ® $ 

( ^ i) (ai) 

None of the above 
seven possibilities 



£ ® V ® $ 


The ranges of for the eight 
possible quantifiers are 
describable as Boolean sums of 
the ranges for \/ , 1 , ^ shown 
in Fig.1. The eight ranges 
thus form a BA-3 Boolean 
algebra, named Quantifier 
Boolean Algebra (QBA) whose 
generators are indicated in Fig.1# 


n 

1 to n-1 

w 

O 

Fig.1. Ranges of ^ for the 
generators \y , ^ and ^ of the 
BA-3 algebra of QBA 
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EIGHT STATES 


Table 2. BA~3 ve ctors corresponding to the eight QBA states 

q(l) to q(8) 


SI 

No 

Symbol 

% 

Boolean 
vector of a 
( a-^ a^ 

QBA 

description 

Classical 

description 

q(l) 

y 

(10 0) 

Gen 

V 

q(3) 

1 . 

(0 1 0) 

Gen 

® 3 T 

q(5) 


(0 0 1) 

Gen 

V '1 


A 

(0 1 1) 

V 

■=1 1/ 

19 

© 

(1 0 1) 

^ 1 

V ® V"! 

HI 

3 

(110) 

$ 


q(7) 

A 

(1 1 1) 

q a -^Tq 

V ® 3-| , 9 9 

q(8) 


(0 0 0) 

q ® "^q 

V 8 9“1 , 3 ® y-n 


*Gen = Generator 

Quantified term: ax - (qx)(ax) , (Note use of x, instead of i) 

"■ " ' ' — 

The eight quantifier state's in Table 2 are designated q(l) to q(8) 
(analogous to s(l) to s(4) of SNS truth values T,F, D, X) . 

The numbering satisfies the condition that 

q(2n) = q'^(2n-1) •= =^q(2n-l) (complement) 

q(l)» q(3) f q(5) are the gene rat ors^ with one 1 and two O's 
in their Boolean vectors. 

q(2), q(4) , q(6) are the complements of these, with one 0 
and two 1 * s in their Boolean vectors. 

q(7) is the indefinite state with three 1*s in the Boolean vector. 

q(8) is the impossible stajre with three O's in its Boolean vector. 
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STANDARD QUANTIFIERS IN SNS LOGIC 

Subset A = ^aJ ol set ^ «= Ul . • • • . aJ (l4a) 

is represented by BVI4F (n,2)-vector 

^ an), with ^ = (a^ ai^) = T,F,D,X (I4b) 

corresponding to 

= present, absent, unknown, contradictory (I4c) 

We shall use the terms •'component interchangeably 

to stand for the member with index i, having the state 

of existence corresponding to the SNS truth value of ai * 


The four standard quantifier states in SNS 


V : 

(Vi)(ai) 4==^ ./V ai = T 

- . ^ - 

(15) 

3 : 

(9i)(ai) ^ V ai = T 

^ i - 

( 16 ) 

i = 

(Vi)(— 1 ai) ^ N) = T 

(17) 

A : 

(3 i)(-n ai) V(ai N) = T 

i ~ 

(18) 

It 

"multiple and" , = "multiple or", in SNS) 

i ^ 



In words 


V • ”Everyone of the members 
is present” 

3 : "At least one member 

A^ is present*' 

$ : "Everyone of the members 

A. is absent" 

*=i 

A ; "At least one member 
A^ is absent" 




"For all 


(19) 


"There exists ai" 

(20) 

n: 

"For no 

ld" 

(21) 


"Not for all ai" 

ss 

(22) 
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REPRESEI^TATION OF QBA STATES VIA BA-2 TRUTH VALUES 

It is possible to formulate quantifier states as 
well-formed formulae in SNS logic which are representable 
by expressions in BA-2 algebra. 


Generators are defined as follows 


(Vi)(ai) = ^ = T (All n ai are T) 


(23) 


(£i)(ai) = 


ai = D, but not T and not F . , 

(At least one ai is T and one al is F) (24) 


(5i)(ai) = ai = F (All ai are F) 

” i " . 

Then, the other five states of QBA have the descriptions 
in BA-2 algebra as follows. 


(Ai)(ai) = 

(@i)(ai) = 

(9 i}(ai) = 


ai = D, but not T (1 to n ai are F and (26)i 
“ the rest" are D or T ) 

ai = T or F, but not D (All n are T (2?)^ 

or all n ai are F) 


i/ ai = D, but not F (1 to n ai are T, and 
i “ the rest are D or F) 


(28) 


(Zl i) (ai) = ® §i = D ' (All ai can be T, F or D) (29) 

= i 

(^i)(ai) = ^ = X (Iton^ are X - not T, not F and note) (30) 

7 s* i “ 

* Since the definition of the four non-st^dard quantifiers 
needs the Boolean opetators ^ and (S> , their definition 

requires the "multiple sum" ^ ai . 
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Table 3i Properties of the quantifier Boolean algebra with 

SNS truth values 


i 

SI. 

Quantifier state q 

Truth value of ^ §x = 

b(3) 

No. 

Name 

Symbol 

Set-theoretical 

description 

Description 
in BA-2 

Symbol 
in BA-3''' 

3-vector 

«(i) 

For all 

V 

All n ax are T. 

Always T 

TT (Gen) 

(1 0 0) 

q(3) 

For some 

£ 

1 to n-1 ax are 
T, 1 to n-1 ax 
are F, and the 
rest are D. 

D, but not 

T and not 

F 

SS (Gen) 

(0 1 0) 

q(5) 

For none 

$ ^ 

All n ax are F. 

Always F 

FF (Gen) 

(0 0 1) 

q(6) 

There exists 

9 

1 tp n ax areT 
and the" rest 
are D or F. 

D or T. , 
but not F 

ET= SS 0 TT 

(1 1 0),. 

q(4) 

All or none 

0 

All n §x are T 
or all~n ax 
are F. 

T or F, 
but not D 

TF= TT 0 FF 

(1 0 1) 

q(2) 

Not for all 

A 

1 to n ax are 

F, and ” the 
rest are D orT. 

D or F, 
but not T 

EF= SS 0 FF 

(0 1 1) 

q(7) 

Indefinite 

h 

1 to n ax may 
be T, FT or D. 

D, may also 
be T or F 

ED=TT €) SS 

0 FF 

(1 1 l) 

I q(8) 

Impossible 


Null set 

Not D, not 

T and notF 

XX=TT ® SS 
® FF 

(0 0 0) 


ax is the logical representation of the set-theoretical 
discription. Although its description is in BA-2, its range 
is not a truth value of BA-2 and requires BA-3 algebra. 


Gen = generator 
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IN TER-RELATIONSHIPS BETWEEN THE STANDARD QUANTIFIERS 


From the De Morgan relations in SNS 


Q h) • (a N) A (b N) j — |(a A b) - (a N) 0 (b N) (32a,b) 


it follows that 

nc V ax) - (ax N) ; -l( ax) (ax N) (33a,b) 

X “ X “ 

These are well-formed BA-2 formulae of SNS, and they lead 
to the formulkly&dJjAecting the classical quantifiers V and 3 , 
and hence to (34c ,d). 

^(V x)( ax) = (3 x)(— I ax) ; ^(3x)(ax) = (\/x)(-iax) (34a,b) 
■^(Vx)('~Iix) » (3x)(ax) ; ^(3x)(-nix) » (Vx)(ax) (34c,d) 

In these, the negational operators and I are distinguished 
by their acting respectively on the quantifier and the predicate 
respectively, and they correspond to the unary operators 
"complement* and "negation" (^ and N) vtoich are represented by 
different 3x3 matrices (see next sheet). 


We thus obtain a complete definition of the quantifier 
states in BA-2, which leads to their essential properties 
required to formulate the algebra of quantifier logic (QL) in 
BA-3 analogous to the BA-2 algebra of SNS. , 


NOTE ON THE STATES 


A 



These are describable in terms 


of V and 3 as follows: 


(AxXgx) - (Vx)(ax - D) i (^x)(gx) . (3x)(iX - X) (35a.b) 



INTUITIVE EXTENSION OF QUANTIFIERS TO 
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INFINITE SETS 


All the definitions and formulae in BA— 1 , BA-2 and BA-3 
are extendable to .infinite sets represented by tbe n— vector 

(Ci •= (a1 , . . . , ax , ... for n cO (36) 


Altbough there is no last number n when n ^ , we 

define (\j/ x) to correspond to the range ^(2^) for ILt ( 2^ » n) . 

n«— »*=<> 

In this way, for a finite interval of nationals (say O to 1), 
defined by 

X •= m/n , m = 1 to n , n > - - > c’O , ax = a(m/n) (37) 


The definition of the quantifiers represented by d in (36) 


still holds for the infinite sets. Only Fig.1 gets modified 


as Fig. 2. 


V 

1 


( <5 (x- 1) ) 


O X 

^ O ( s (x -O) ) 


Fig. 2 . Ranges of x for the 
generators ^ , of 

QBA in general. 

Table 3 of sheet 7 continues 
to hold for all the ei^t 
QBA states. 


3 . 

We sliaXl only use x liereaftier £ot “the variable used, for 
labelling the scope of the quantifier in ^ « (^)(sx), 
irrespective of whether the relevant set is finite or infinite. 


OF QyAOTIFIED___TmMS FEL^IONS QBA ^^ES 

Suppose X ranges over the Integers 1 to n (n finite or 
n t — ■ > c>o ) . Let ex. Ox, px stand for x *» integer, even 

number, odd number and prime. Then the following quantified 
terms hold with the fonnula for the predicate being an SNS term. 

(\/x)(lx>o) ; (5x)(ex =-^ox) ; (£.x)(gx) 

(3x)(^ -.^gx) <X) Ox)(— iCix «^gx)) ^(£x)(ix «=^gx) ; 

x)( ox A (ox ex) ) 
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UI'JARY (MATRIX-cum-BOOLEAN) OPERATORS FOR QUANTIFIED TERMS 

For a Cqx)( 2 x) q(iax), a B = b , for the jnatrix-c um- 

Boolean operator B = E, M, N, L , The four matrices and 

the classical and Boolean algebraic equations are given in Table 4. 


Table 4» Description and formulae for unary operators in QL 


Name 


Operator 



BVMF description 


Classical 

description 


EquivaJ-ence 

® » 6 ) 




Coniplement 
(a^ = b) 


Negation 

(a“ - b) 

‘TT^ 

Eilat ion 


s 


M 


N 


/q( iax) 1 E } = 4l( Oby)/ 
. e 

0 » i 

<^q(iax)|M| *<^(o‘t'y)l 

d = i° 


<^q(iax)lNl = 3^y)l 


d - i 


n 


/(q(iax)j Ij,l = <^q(d^y)l 


t - 


( qx) ( gx) 

r>sr *” 

■==i( qx) ( ax) 

(qx)(— lax) 

qx) ("H^) 


E. M. N. L (as M N = N M) form a group of order 4, isomorphous 
^ oHfehe--crys%^iogr^ point group I >2 = 2 2 2 . 

Table 5. Transformations between q(i ) by unary operators 




M 


JL 

£ 

£ 

G 

£ 

o 

© 

0 

1 

1 

© 

A 

A 

0 



0 

0 

A 


H 





N 

r-^ 

L 

V 



i 

3 

TV 

Bl 


3 

§ 

§ 


3 

\/ 

A 

3 

3 


A 

V 
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PURE BOOLEAN COMNECriVES IK QL-1 ATnID QL-2 ALGEBRAS 

Quantifier Logic (QL) can follow two algebras QL-1 and 
QL— 2 for logical operations (both Boolean and matrix) between 
QBA states accoixiing as the quantifier is interpreted in an 
individual sense or a collective sense. For Boolean operators ' 
•’Union'* (U) and "Vidya" (V) , the definition and formulae are 
as follows: 

QL-1 algebra 

a’ U ^ ^ CX * (TX = q(ia*x) ® qCla^x) = q(iax) (into^! 

a’ V a" = a ^ d* ® q(ia*x) ^ q(ia’'x) * q(iax) (star) 

In this, the Boolean sum and product are applied to the component 
SNS vectors gi of O. , and hence the operators are indicated 
by the SNS format U and V , 

QL-2 algebra 

a' U a" = a = ( ©a'i ® ©a^i = © ai) 

^ ^ ^ 1 = i = i = 

= C ^'(27) LJ (^”(2/) s ^ (2/)) H:q(ia’x) q(ia”x) « q(iax) (sum) 

a' V a" = a “ ( © a’i ® © a^i *= © ai) 

^ ^ ^ ^ ^ - 

= (^*(-2^) C) SC(2y) » (l;)) = q(ia'x)® q(ia'’x) = q(iax) (product 

In this, the BA-3 truth values, describable by the ranges (R.(-2/) 
of the BA-1 description (sheet 5), of the BA-2 truth values 
T, F, D, for the values of ni , defining a quantifier state 

in a collective manner, are combined by the Boolean operators 
Union an d Vidya. Therefore, the QBA Boolean sum and product 
operators U and are relevant for QL-2, 
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QL -1 AM) QL-2 BOOLEAN OPERATORS 

The two oi>erators "sum" sctxd "product" (®) for 

QL-2 and "into" (®) and "star" (-X-) for QL-1 'are describable 
by the following forroulae . 




QL-2 

OPERATORS 




a* 0 

a” « a rz 

a- ffi 

tl 


» A®* T, 6,6. 


a* ® 

a" =5 a 

a! ® 

a" = 

a \ 

, A >= V , S . £ 





A 

A 

A 



These are 

analogous to the 

corresponding operators in 

where A 1 

DS 0 ^ 









QL-1 

OPERATORS 




II 

0 

a* 

w 

^ 9 .” 

for 

a', a" 


the three generator 

states 






9 

except that ^ 0 £. 

s £.or^ 

a.* ^ a” 

a» 

® 5 " 

for 



the three generator 

states 

/ 




V. 

1 

9 

except that 5. ^ 

«= £ or 5 ^ 


The fonner occurs extensively in the algebra of QL— 1 matrix 
operators. The latter is a novel result yet to be evaluated. 

For mixed states in QBA (ft' =* 9-1 ^ ^2 » -S" *“ 53 ^ ^ * 

all these operators B are distributive with respect to ^ 
Boolean sum of generator states, and can be worked out as follows. 

® q^) B <53 = (q^ B 53 ) 0 (q^ B q^) 0 ( 92 B, S. 


\diere B 


0 . <g) , @ or rX- 


(9 
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QL-1 and QL-2 MATRIX OPERATORS IN PREDICATE LOGIC 

Description and application to QL-1A and QL-2A tvDes In practice 

In first order predicate logic, two types of logical 
relations are employed, named QL-1A and QL-2A which are 
implement able in BVMF via QL-1 and QL-2 matrix relations, 
analogous to the QL-1 and QL-2 Boolean relations discussed 
above. These have the forms 

QL-1 algebra : ^ Z bx j QL-2 algebra: ^ ^ bx 

and the two differ in exactly the same manner as the QL-1 and 
QL-2 type of Boolean operators differ — namely that the former 
is operative for every ax individually while the latter is 
operative over the complete quantifier state in a collective manner. 
The theory of these is given in the next lecture. Here, the 
application to what has been named QL-1A and QL-2A types which are 
the standard forms employed in predicate logic are pointed out. 

The elementary logical relations of the two types are examplified 
in standard notation as follows: 

QL-1A type : Unary : (\/x)(ax sbs=^ bx) ; Binary : (9x)(§xA 
QL-2A type : 

Unary: (\/x)(gx) (3y)(by) ; Binary : (3x)(ax)A‘ l(Vx)(‘^by) 

The BVMF notations for these two types of relations are 

QL-1 A type : qCiZx)(|X Z(k,^) bx) = ^ Z bx, where Z = (qCiZx) Z(k,^}) 

QL-2A type : ^ q(iZx) Z(k, -C) qCjZy) ^ ^ ^(i»^ jk,-^) by 

The implementation of the former two equations in a practical 
way is given in the next sheet. The basic theory of QL— 1 algebra 
and QL-2 algebra follow thereafter. 
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FORM OF IMPLEMENTATION OF QL-1A and QL-2A TYPES 
QL-1A type 

Logical relation : q(iZx) (|X Z(k,'^) bx) 

Unary implement at ion 

q(iax), q(iZx) (ax Z(k, = bx) H- ^ q(ibx) 

Rinarv implementation 

q(iax), q(lby), q(iZx) (ax Z(k,-^) bx) = c t(Z I bx) s(kc) 
QL-2A type 

Logical relation : ^ q(iZx) Z(k, <^) q(dby) ^y 

Unary i tnpl ement at i on : q(iax), q(iZx) J(k, = q(d2y) q(d^y) 

Binary implement at ion 

q(iax), q(jby), q(iZx) g(k,>^) q(uZy) = g “ s(kc) 

Examples 
QL-1A type 

J (3x)(ax).- (Vx)(|X -= (3x)(bx) 

Binary : (VxXgx), (9x){bx), (3 x)(gx A ta) t— *' 

QL-2A type 

Unary : (yx)(ax), (-BxXax) =a«^(^y)(|y) « (3 yHby) 

Binary i (V x) (ax) , (3 /) (by) . O x) (|x) A ( 3 x) (by) 

t'— "t (2 ) BXf 



QL-1 AM) QL-.2 


MATRIX 


operators in PPvEDICATE 
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LOGIC 


T ables of QL-1 A and QL-2A relations 


QL-1A type 


Unary Relation 

Binary relation 

q(iax) 

Relation 


q(iax) 

q(ibK) 

Relation 

BBil 

V 

( \/ x) (gx =*=% ta) 

V 

V 

3 

(3 x) (ax A bx) 

T 

3 

(V x) (ax»s>4>bx) 

9 

a 

3 

(3 x)(ax A bx) 

D 

y 

(9 x) (ax»^bx) 

3 

V 

3 

( \/x)(ax V/ bx) 

T 

a 

O x)(ax=^bx) 

as aa 

h 

A 

A 

Cy x)(ax \/ bx) 

D 


QL-2A type 


Unary relation 

Binary relation 


Relation 

q( iby) 

q(iax) 

q(iby) 

Relation 


V 

x)^) 

( 3 y)(^y) 

3 

V 

3 

( 3 x)(ax) 

A(3 y)(fey) 

T 

3 

(W x)(ax) 

=*»=^ (3 y) (by) 

A 

B 


(3 xXgx) 
A(3y)C6y) 

t 

V 

(3 x)(§x) 

O y)(fey) 


V 

3 

(\/x)(§x) 

V(l/ y)tfey) 

D 

3 

(3 x; (ax) 

( 3 y^ tby) 

B 

A 

A 

CV xHax) 

V (Vy)(by) 

F 
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DEFI NITION OF RELATIVE TRUTH VALUES IN SNS 


By relative truth value we mean the truth value of a term 
or a relation relative to that of another. Thus in SNS t(b f a) — 
"truth value of ^ relative to g" or "relative truth value 
of b for a" — iS' defined as the SNS truth value of g = s(kc) 


of the equivalence relation b E g * g • Then, we have 

t^ = <^(E|a^ = {a^ «= t(b I a) say (la) 

t^ « <b|E‘^( a> = <blE(a^> = <b)a^> = tCbja^) say (lb) 

where the scalar product of the two SNS vectors p and 3 

is given by 

<p|q>» %c^ ^ ^2) 

Hence' »the relative truth value of for a is 

t(b I a) = (t(b [ a) t(b 1 a^-);*4t^ ^ 


For g = T , b * T , and gs=F,b = F, 

a = T,b = F or a = F,b*T ,t=F 

s^id , for 

one of §»^ =D» i=D, 

The truth value of a binary relation for SNS input terms 
as well as the output term of an SNS unary relation can both 
be expressed in terms of truth values as given in the next sheet 
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TRUTH VALUE OF UNARY AND BINARY RELATIONS IN SNS 
VIA RELATIVE TRUTH VALUES 

Binary relation 

The Dirac product formula for the truth value of a binary 
relation a zCk,-^) h >= c can be put in terms of the relative 
truth values since |A(k, J0)/ and |o(k, 1 are given by the 

Boolean direct product and direct sum respectively. Involving 
the generator states s(l), s(2) of SNS, as 

[A(k,^)l « |s(k)> ® ; jo(k,-^)j « (s(k)^ ^ 1 (i ) 

Hence, for (c^ c^) of the relation a A(k, b = c, 

for inputs s(ka) and s(^b), we obtain 

c^ = <^(ka)| A(k, I s(^ h)^ = <^(ka) (s(k))> ) |s(-S b)^ 

= t(s(ka)|s(k); ® t(s(i) |s(ib))= t(s(ka)ls(k))(St(s(^b)ls(-^); 

(2 a) 

= ^(ka) j OCk'^,^^) I s(^ b)> ^ <§(ka) (sCk*^)^ ^ fs(^ b)^ 

= t(s(ka) |s(k°))®t(s(^)is(^ b)) = t(sCka) IsCk*^) )® t (s(-^ b)jsC^)) 

(2h) 

Similarly, for the relation a 0(k,^) b » c , it follows that 

- t(s(ka) I s(k)) ® t(s(-^ b) | s( ^ )) ; 

Cp - t(s(ka)|s(k'^)® t(s(^b)|s(i°X) ; i = (^c * 

For I(k, and 0(k,^). , we use the standard formulae 

I(k,^) « 0(k°,-^) and E(k, = A(k, ^ A(k°,/^) (4) 

and work out the consequences. 

Unary relation 

The matrix product formula a - b can also be 

written in terms of relative truth values. For the input s(ka), 
the output s(-^ b) , for A(k, and 0(k,^)j are as follows. 

<s(^b)|=4(ka)|A(k,^)|. 4(ka)ls(k)> ® t(s(ka)ls(k))(S)<s(-e)| 

" (5 a) 

b)( «^(ka) I Q(k, ^.)l » /is(ka)| s(k)^ ©■ <(s(-^)l«= t(s(ka) | s(k))^ <(s(-^)( 

(5b) 

These formulae ai^ much faster for computer Implementation 
than the vector-matrix multiplication formulae which were 
develoned in Lecture 1 • 



IMPLEMENTATION OF SNS KKTRIX RELATIONS VIA 
RELATIVE TRUTH VALUES 
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It will be noticed that only three types of BA-2 operations 
(1), ( 2 ), (3) are needed for matrix relations and Boolean 
relations in SNS, in terms of the BA— 1 operators 0 , ® and . 

<i;^a I (a^ ® b^) «* c (1) 

* (a^l^ a©bjs) ; a®(:^l «= (a ^ a ® b^) (2) 

c::a)©-::tl « (a^® b^ *= ^ (3) 

As will be seen later, for QL-2 matrix and Boolean operators, 
the same three tyx)es of vector operations are all that are 
needed, but with three-component vectors of the types (ay. a^ a^) 
in BA-3. These Boolean operations will be very useful for 
programs at the machine language level in software and hardware 
in con^juters. For QL- 1 , "iattice*^ type operators- Max (i, ;j) 
and Min (i, J)jwhere i, J » 1 to SjWill also be needed. These 
will be explained later. 

Examples of implementation of BA-2 relations 
Example 1 ; Binary relation 

('"la /\ b A (a V" ""Jb) ^ c)=s(2a), s(lb), a0(l,2) « c 4— ^ s(kc) 

^(2a) \ s(l)]> ^ ii^(lb) I s(2^ «= O €D O = 0 * c^ ; 

<:s(2a)|s(2)>0<s(lb)is(l)> - 1 ®1 - 1 = c^; s(kc)»(0 1)=^ « F 

Example 2 : Unary relation — implication 

® A (a muff- b) O b s(1a), aI(l,l)(Q(2,l)) ^ ai- 6 'b) 

= 4^la)Js(2)> 0 0(1 O) * (0^1 O0O) = (l O) 

= s(-^b) - b - T I 

Example 3 i Unary roie'fcion —- contradiction frcan con.iunctlon 

a A i'~l a A b)OX = s(1a), a A( 2 , 1 ) - b 4 —^ s('Sb) 

S4^(la) fs(2)> (0 <^(1)1 » 0<S) (1 O) - (O O) - s(-^b) - k “ X 

(Note that the contradiction between the input a , and - ) a 

in the con;juhction relation (— J a Ab)>is shown up by the 
contradictory state given for the output by the implementation 
O-P r.olft+inn with the co ntradictory 
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RELATI VE TRUTH VALUES IN QUANTIFIER LOGIC 

In SNS, since the Boolean vectors have only two components 
(■^»^)» the relative truth value is symmetric in a and b 
and t(a I h) « t(h | g) . This is, however, not the case in QL, 

Here the truth value of b relative to g is defined in a 
manner analogous to (la) and (1b) as follows. 

t(b( a) = (t^ t^) where t^ = <^ ] ^ , t^ = I ('I) 

The consequence is that the Boolean 3— vectors for § and 
have the following inclusion properties for 1 = T, F, 

b 0 a*^ »= 0 ( — ^ t (^ |a)=T; ^^a*0 I — > ^ ^2 a,b) 

Both ^ and ^ ^ a^ 0 I — ^ ^ ® ^ (2 c) 

Thus if the quantifier state of is completely contained in 
that of ^ then the relative truth value of for ^ is T, 

and, similarly, if the QBA vector for ^ is coi^pletely contained 
in that of a'^, then the relative truth value is F. If the 

c 

C2BA vector h is not completely contained in either ^ or a^ , 
then the relative truth value is D, 


Examples 

t(Vl V) =T 

t(3) V) = D 
t{J I V) = F 
i = F 


t(V IA) « F. ; t(V 1§) * f; |(\/i "3) = T 

t(3 I 9) = T ; tO lA) = d; t(9 1 ^) = f 

t(i I A) » T ; t(^ ( 9 ) = F; £($ I $ ) = T 

t(l| I/) « F ; t(3 1 1) * D; t(^| 9) = T 


© 
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A gs£i6]r'&l QL*2 nsl^z'l.x irslsTkloxi lists iilis form (l)jwi'tli tilic 
operator 2 being represented by a 3x3 Boolean matrix. The 
theory of this Is given In Curr. Sol. Part II ^ (1983) 335. 

jby : - q(l) to q(8), A,/^- (l) 

Definition of : Following the definition of a general 
matrix relation In BA-n.(Curr, Sci. Part I ^ (1983) 292), the 
components of the matrix ( can be defined in terms of the 
outputs b(l), L(3), b(5) corresponding to the Inputs 
a, “ q(l). q(3), q(5) for the relation^, as In (2) 

a » q(l) » (1 0 O) -^b(l) - (Zyy Zyg Zy^ ) 

a, - q(3) -(0 10) — ^b(3) - (2^y Z^g Z^^ ) (2) 

a « q(5) -(0 0 1) -=-^b(5) - (^y ^ 

For such general relations, ^diich need not be restricted to 

logical relations, the matrix lz{ can be any one of the 2^(« 512) 
possible 3x3 Boolean matrices. 


Unary and binary relations 

Unary relation : q(lax) , & 2 - by |— ^ q(dhy) is Implemented as 


<^q(iax)l Z| -c^qCdby)! 


^3aj 


using the BVMF formula (<^|z|- <;;^j)r: ^ ^ , 

^ (3b) 

Binary relation : q(iax), q(;iby) « Z ^ - c is implemented as 
<i;q(iax))Z) q(;3by)>- c^ ; ^l^lax) (z^l q(;3by)^- ; c = (<^ c^) (4a) 

and the Dirac product has the BVMF expansion 

<a|Z(b> -00 a^<X) Z^^® -^5 At ^ 

A A 



(4b) 
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2. LOGICAL RELATIONS VIA QL-2A IMPLEMENTATION 


For logical relations in QL-2, we do not need all the 512 
matrices, but only the logical matrix operators associated with 
the relations in (l) 

^ [q(iZx) Z(k, >€) qCdZy)] jby . A. j9(I) , E,-type (l) 

The oijerational matrix of the connective for the relation 
within the square brackets in (l) is the one that is applicable. 
Thus, the matrix is represented by the symbol ^(i^, » k,^) 

and is equivalent to the operator Z(i, j) given by (2) 

; it. ^ ) - XCi, d) ; where i » i^. ^ » 1, 2 ; 

d - dz. for « 1, 2 (2) 

This follows from the notation adopted, namely that QL-2 
relation of the type x)(ex) Z y)(by) is denoted 

by (Vx)(ax) |(2,2) (3y)(by) , in which the value of k or ^ 
stand for the con?)lementation of the corresponding QBA states 
associated with x and y respectively. Thereafter, the 
con^lemented quantifier (e.g. x) (ax) ) is converted to the 

QBA state ( CA.3c)(ax) = q(2ax)J. 


The implementation of a general QL-2A relation of the type 
ax Z(i,d) fey. with ZCiid) restricted to the logical matrix 
'ie^ators |A(i.d)l ,lg(f.d)l .ll(i.d)land lE(l,d)U each of ^Ich 
are 64 in number (according to i.d *= ^ best done,not 

by using the 3x3 Boolean matrices of the general QL-2 form, but 
via relative truth value calculations as given below, ^ Thus 
the matrices lor |A(1, j) | , 

definable in a manner closely similar to that for the 2x2 
matrices of SNS as in (3a,b) . 


lA(i.d)| - lq(i)> ® <q(d)l ; 

|i(i,d)| - 1^(1*=, d)l ; lE(i,d)I = |A(i.d)l ® \A(i°,d°)l 

These follow from the fact that the 3x3 truth ^ 

for Zv ^corresponding to lq(f)!> ® <^k(d)l k f ^ ^ 

for t^ generator states q(l), q(3). q(5). by definit e, for 


the connectives A and 




(3a) 

(3b) 
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IMPLEMENTATION OF QL-2 A EQUATIONS VIA RELATIVE TRUTH VALUES 

Thus, all thie equations In sheet 2 for SNS can be taken 
over for QL-2A with s(k) , s( ■€ ) being replaced by q(ix) and 
q(dy) respectively, and the implementation formulae for unary 
and binary relations formulated accordingly. These are as follows. 

Logical relation : ^ Z(itJ) hx , ^(i,j)^q(ix) |(1»1) q(5y) (1) 

Binary relation 

q(iax), q(dl'y)» ax ^(i,J) * c t— » tCZ | q( iax) , q( jby) ) « s(kc) (2a; 

t(q&.ax)| q(ix)) - s(kx) ; t( q( d^y) I qCdy) ) * y) (2b; 

® “ s^(kc) ; s^(kx) ® £ y) - s^ (kc) ,for Z «A(1, 1) (2c; 

s^(kx)0 ^C'^y) = ^(kc) ; Sg(kx) Sg( ^ y) « s^(kc) ,for Z «g(l,l) (Zd! 


(5a: 


(3b I 

(3c 


(M 


information in q(ix) and q(iax). 

Binary reverse relation t As in SNS, the unary relation 
^Z(i,j) « b arises from the binary reverse relation as 
^^(i»d) Jhy - c = T h— ^ ^(i,d) and ^ jx (5a) 

For c « F, D also, it takes similar forms 

^Ci,d) by « c - F ^ “ Jfey* ^ ^y ^5b) 

^ ^(i,;j) by « c « D / — ^ ax D ■ and by D » where D= ^(7,7) 


yielding s(kc) -= (^(kc) s^(kc)) and hence t(Z f q(iax) ,q(;3by) ) . 
For 1-type and^-type, the implementation is done via suitable 
relations as in Eq.(3b) of the previous sheet. 

Unary relation : q(iax), ^ ^(i,;5) ** bx f— q(c)^y) 

We shall give the formulae for Z » A and O separately. 

Z * A : <(;^q( iax) I q(ix^ = a ; a ® <;^(dy)| * “^(dhy) j 

2 - O : ^q(iax)( q(ix)^ - a ; a ® <q(dy)| - <q(dby)| 

For Z » X and E. the corresponding formulae can be obtained in 
terms of the above equations for ^ and ^^-type matrix operators. 
Theire is also a revision of the input, for ^ from q(iax) 

to q(iaQx) , using the vidya operator 

q(ix) q(iax) » qCla^x) 

The value of (TS for qda^x) indicates contradiction between the 
input and the relation. Otherwise q(iaQx) gives the common 
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RELATIONS 


Rv ample 1 : Binary relation : Consider the Inputs (l/x)(gx), 
i3 y) ^ relation 

(3 x)(ax) V (\/y)(’niby) » c t— ^ t (Z / a,b) » F Cl) 


The C3L-2A formula for this is 

q(1ax), q(6by), q(6>®x) 0(l,l) q(l^y)l— s(kc) 

Since 6*^ « 5 and 1^ » 5» ve recast Eq. (2) in the form 

q(lax), q(6by), ^ j9(5,5) I — > s(kx) « t(q(lax)l q(5x) ) ; 

s(^ y) » t(q(6by) I q(5y) ) 

where 

S^(lcx) - <;q(l)lq(5)> - 400 l 00 1>-0 
s^(ky) » <q(6)|q(5)> = 4 10 l 00 1>«0 
then s^(kx) ^ 7) •= 0 «= s^ (kc) 

s^(kx) - <q(l)|q(6)>- <1 0 0 \ 1 1 Ct>. 1 
s^Uy) -<q(6)lq(6)> - <^1 1 O | 1 1 0> - 1 
s^(kx) y) — 1 » Bp ike) t - ‘7 

so that stke) » (O 1) * F 


( 2 ) 

(3) 


(4a) 

(Ab) 

(5) 


Example 2 : Unary relation of implication : Consider the equation 

(fc/x)(ax). Ox)(ax) — ^ (9y)(^) (9y)(by) (6) 

The BVMF formula in QL-2A for this is 

q(1ax), qCefgc) 0(2,1) f-V q(dby) » <q(lax) |q(6'®x)>©<^Cly) | 

- <y I $>^4(6)1 - 0^(1 1 0) » (1 1 o) “ OyXby) (7) 

Example ^ i Unary relatio n involving CQU.Iuncti^ 

<Vx)(m), (3x)(-1^) a i\f y)(^) contradiction (8) 

The BVMF equation is ^ m 

qdax), q(6“x) A(1,1) (^ q(2x) ^^.D) h->^(lax)| q(2x)>04(ly)j 
<V I A>«>^/io®ri 0 0) -(0 0 0) . indicating contradiction (9) 

It may also be checked via the vldya operator as below: 

qdax) - d O O) ® (O 1 1) « (O 0 0) - ^ , 

indicating the origin of the contradiction. 


do) 
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Logical relation 

If jgx, are the quantifier states of the (n,2)-vectors 

€t=(a1, ... , ax, ... , an) and fb ~(b1,..., bx, ...» bn), 

]PB St tSl tot SS SS 

then the general form of a QL-1 logical relation is 

^ 2(k, bx ^ (§x Z(k, £) bx) for each x « 1 to n, 

for Z of the types A, 0(1), E in BA~2 algebra of SNS (l) 

From the definition, it follows that 

a'x Z(k, ^) bx ^ ax Z bx ' (2a) 

\&ere . ■ -• -- 

^ » a*x «^(k) , where <r- (k) « E, IJ, according as k 1,2 C2b) 

bx » J^*x c^-^) , %diere {^-6) ** J^, according bs £ 1,2 C2c) 

Binary relation 


For the inputs q(iax) and q(dbx) , the r.h.s of (2a) can be 
shown to take the following foms 


q(iax) 


q(jbx) * q(lcx) 

for 2 - 0 ; 

- "lattice into" 

(3a) 

and 

q(iax) 


q(Jbx) ■ q(icx) 

for Z « A ; 

* "lattice star" 

(3b) 


where the operators definable^ in terms 

of the operators "lattice suin"(^]^) and "lattice product" (®L)i 
in a form analogbus to the corresponding Boolean operators 
”into"((X)), "star"(^), "sum" (®), "product" (<X)), considered 
for QL— 1 Boolesui operators in sheet 12 of Lecture 3. 


9 
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Lattice operators 

We take the generators of QBA, namely \j , i_ to form a 
"lattice” with the Inclusion properties V > £ ^ ^ (following 
from the fact that the range of 2^ in the definition of the 
quantifier has the inclusion property (2/) ZD 2/) D (2^)) 

Then, we apply the standard definitions of lattice sum and 
lattice product to combine these generator states to obtain 
the formulae 

a ib*:c,c« Max (a,b) ;a^Tt> = c, c«s Min (a,b) (4a,b) 

However, it is useful to employ the indices i = 1, 3, 5 for 
q(i) *s V , £ , ^ for computations, because of viiich we obtain 
the Eqs (5a,b), in orxier to satisfy Eqs (3a,b) 

q(i) k = Min (i, i) 

q(i) q(d) = q(k), k = Max (i, (5a,b) 

It is then possible to define the QL-1 "and" (A) and "or"(0) 
for the generators as follows. 

q(i) 0 q(3) - q(i) ®I_ q(J) • q(l) ®i, q(d) lor all (1, J), 
except (3»3), lor %diicb q(3) q^5) « q(3} ® q(1) * q(6) 

(1 

q(l) A q(3) . q(i) \ q(3) - qCD ®L 1(3) lor all (1, d), 
except (3t3), lor vdilch q(3) q(^) “ q(5) ® q(5) “ q(2) 

(i - A-) (6b) 

The exceptions arise for the same reason as that for the Boolean 
operators ® and in the QL-1. definition of these in terms of 
the Boolean sum and product for q(3) ® q(3) and q(3) "X" q(3)* 


10 



MATRIX RELATIONS IN QL-1. ALGEBRA — ^ 

For a general QBA state which is the Boolean sum of 
one j two j or three^ generator states* the Boolean sum repr*esentation 
of the QBA state is employed in the lattice sum and product 
formulae (6a) and (6b) with O and A , and expanded as a Boolean 
sum of conjunctions and disjunctions between pairs 'of generator 
states for which (6a) and (6b) are used. Thus, 

(q(i-|) ® q(i2)) (q( J-1 ) ^ q( J2) ) 

= (q(i-|) 4 q(j-|)j 0 (q(i2) A . q( J-,) ) ^ (q(i^) A q(J2)) 

0(q(i2) A q(J2)) (7) 

and similar formulae for g . These will give the results 
given in Table 1(a, b) for the two operators A and O . 


of binary relations 



For the connectives I and E of QL-1/ we use the relations 

S3 as 

i(lf d) - ©(i'^, J) ; E(i, J) » A(i, J) ^ A(i^, J^) (8) 

The truth tables for the generator states, in QL-1 ifor these 
operators I(1, 1) and E(1, I) are also given in Tables 1(c,d). 


(c) IMPLY (^) (d) EQUIVALENT (E) 



The full 8x8 tables for A and O are given in the next sheet. 

11 






MATRIX RELATIONS IN QL-I ALGEBRA ~ h 21-1^6^ 

Table 2. Full mul-blpllcatlon table In QL~1. for the matrix 


connectives A and O 
( a) AND ( ax A bx • 


\/ V 

9 9 

A A 


t 1 
A A 


0 © 


■3 yv 


3 JV 

A A 
yv yv 
■§ $ 


A A 
A A 


A A 

<p 


i. A Q <p 


^ £ A 

i A A|A 
^ A A, 


^ |A AlA 


(b) OR ( ax O 


V V 
9 V 
A V 
f V 


2 y 

A y 


© v 

5 z 5 0 


1 A 0 c^S 


V V V <P 
3 3 3 

3 A A 9^ 
I A e 


3 3 
3 A 





















LECTURE -4 
24.11.86 

MATRIX RELATIONS IN QL-I ALGEBRA ~ 5 
PRACTICAL APPLICATION IN QL-1A EQUATIONS 


Binary relatlona : The binary forward relation ^ Z bx « cx 
in QL-1 is used for calculating the truth value of the standard 
predicate formula (l) (QL-1A) for the inputs given therein. 

(q_x)(ax ZCk,.-^) bx) » t(Z\^, , for inputs ^ « q(iax),^x - q(ibx 

“ (9) 

This is done by first implementing the corresponding QL-1 

binary relation 

^ Z ^ for inputs q(i^^^^ax), q(i‘^'^^bx) h-^ q(icx) (lOa) 

where <7“(k) - e, n, for k = 1,2 ; <3^ i^) ■ e, n lor -6^ 1,2 (lOb) 


Then, the relative truth value of q(icx) for q(iZx) yields 
t(z|a,b), as in (ll). 

t(z{q(iax), q(ibx)) *= t(q(icx) / q(iZx) (11) 

Then the algorithm composed of(5»6,7,8) (or Tables 2(a,b)) will 

value 

yield q(icx) from ( 10a)) and hence the truth/ of (9) via (ll)« 


Example ; Suppose, we have the inputs lor the relation in (12): 
(Vx)(ax) (Hqdax)), (9x)(bx) (= q(6bx)), (V;x)(ax A" Ibx) (12) 

The BVMF formula lor (12) is 

q(1ax), q(6bx), q(lZx) (ax A(1,2) bx) (I3a) 

vdiich leads to the QL-1 binary relation 
q(lax), q(2bx), ^ ^ (q(l) A q(5))^(q(l) 4 

-.q(5)0 q(3) = q(2) - q(icx) 

Hence, t(z|a, b) » t(q(icx) Iq(iZx)) » t(Al V) » (0 1) « F (I4b) 

Thus, the relation in (12) is negated lor the inputs shown therein. 
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UNARY QL-IA RELATIONS IM . PREDICATE CALCTJI . I IS 


The unary relation in predicate calculus having the QL-1A form 
q(iax), q(iZx) (ax 2(k, /) = bx) q(dbx) - (15a) 

is equivalent to a binary reverse relation in QL-1 for the 
quantifier (^x) as output. Thus the forward binary QL-1A 
relation equivalent to (I5a) is 


q(iax) Z(k, £) q(jbx) = q(iZx) or ^ Z bx = cx = (^x) (I5b,c) 

which can be put in the form of the binary reverse relation 
in QL-1, namely 

^(q^x, Z) = bx (16) 

Consequently, the truth tables for (I5a) can be -vforked out 
for the generator states V , 1. , $ , using Tables l(a-d). 

The results so obtained are shown in Tables 3(a-d) in sheet 
number '15 (for details, 'see MR-5^, pages 32-53)* An empirical 
formula for representing the data in Table 3 is also given in 
Eqs. (17) and (18) in that sheet. For ready reference, the 
four 8x8 truth tables for the data in Table 3 are appended 
as Tables 4(a-d) in sheet numbers 16, 17. 



LECTURE -4 

MATRIX RELATIONS IN CiL~1 ALGEBRA-7 24-11-86 

PRACTICAL APPLICATION 
UNAR Y RELATION IN PREDICATE CALCULUS 

Table Truth tables for the QL-1 binary reverse relations 

f or the generator states of QBA 


(a) a(c» 4^ “ 


s 

a 

V/ 

1 



y 



1 

<P 

3 

TV- 

5 

4> 


A 

(c) 


V - 

b 

c 

% 

V 

1 


V 

V 



£ 

3 

.A. 

c6 

5 

z\ 


^ - 


(b) 

a(c. 

Q) • 

B b 

W 

c 

a 


£ 

¥ 


A 



£ 

3 

JV 


§ 

V 

£ 



Cd) a(c,E) *= to = b(s(aE^=b)) 


C 

a 

V 

£ 



V 

£ 


£ 

£ 

A 

£ 



£ 

V 


The foUcjwing empirical formulae can be used "to obtain 
the output q(db) for the relation (17) : 


A 

0 

E 

I 


q(ia) (q(kc), Z) = q(db) 


(17) 


k <i. q(8) = q(d) ; k i, 0 q(k - i + 1 + 2€) = q(3), 

■^£ 0 L = (i - 1)/2 

k > i, q(8) = q(d) ; k4r 1, + 2-€) = q(d) , 

^ = 0 L = (7 - i)/2 

q(i) (q(k) , E) ~ q(l) E q(k) = q(d) 

q(i) (q(k), I) = q(6 - i) (q(k) , O) = q(d) 


(18a) 

(18b) 
(18 c) 

(I8d) 






MATRIX RELATIONS IN QL-I ALGEBRA - B LECTUKE-4 

— 24-11-86 


Table #-« Full 8x8 -tables for QL— 1 unarv matrix connectives 




a) ^ 

9 a) « 

bx 


-A 

* 

Hi 

y 

9 

-A- 


£ 

a' 

B 


y 

V 

3 

A 


£ 

A 

Q 

0 

3 

V 

3 

A 

A 

9 

A 

A 

0 

A 

0 

3 

A 

A 

3 

A 

A 

0 

§ 

0 


A 

A 

0 

A 

A 

0 

■ £ 

0 

3 

A 

A 

3 

A 


A 

5/ 

3 

A 

A 

3 

A 



<9 

V 

3 

A 

A 

£ 

A 

A 

EB 

0 




0 

0 

0 


m 


<t>J 


(cx* 

O) loc 

MS* r>/ 





V 

3 

A 

$ 


A 



V 

A 

A 

' 0 

0 

0 

A 

A 

0 

3 

A 

A 

A 

0 yv 

A 

A 

A 

9 

A 

7L 

a- TV 

A 

A 

0 


y 

9 

A 


£ 

A 



£ 

9 

A 

A 

0) A- 

"A ■ 

3 



A 

A 

A 

S A 

A 

A 

gf) 


A 

A 


4. 4 

TT ; 

A 


0 


0 

0 < 


0 ^ 

0 
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A A 

<Zi 


£ 


£ 

A 

A 

A 

A 

A 


A 

A 

A 

A 

A 

£ 

A 
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UNARY RELATION IN PREDICATE CALCULUS VIA GiL-1 ALGEBRA 

The unary relation (l5a) in predicate calculus (QL-1A) is 

implemented in the form of the QL-l binary reverse relation (19). 

^ ( q^ x » Z) = (19) 

Then , 

L.H.S of (15a) ^ (q(ia*x), a/x (q(iZx), Z) = b*x) | — ^ q(jL'x) (20a 

where 

q(ia’x) = q'^^^^(iax) , *=^(k) = e, n, for k = 1, 2 (20b 

q(dtJ'x) s= q‘^^‘^^(jbx) , cr-(-^) = e, n, for -^= 1, 2 (20c; 

With the sequence of the implementation as in (21), 

q(iax) q(ia'x) q(jb'x) 4^^ q( jbx) (21) 

we can use either the empirical formulae in (17) and (18) for 
the QL-1 binary reverse relation, or use the 8x8 tables, for 
obtaining the output q(^bx) . 


The revised input q(iaQx) is obtained by means of the 
vidya check 

q(ia*x) V q(iZK) = q(ia^x) 

If q(ia^x) = 0 , it confirms the contradiction which would have 

been indicated by the null set for q(jb'x). If not, and 
q(ia^|j;) q(ia*x), it is the net resultant of the information 
contained in both the input and the relation, when the revised 


input UqX is 

q( ia^x) q ( ia^x) 

This feature, of a possible revision of the input, is 


( 23 ) 


common to all unary relations in QL, and requires a revision 
in the algorithm /for"Splementing a logical graph, ttore generally 


in QPL. 
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rrffneralization via the theory of relations in BVMF of the 
clausal form of logic and its applications 

1, Introduction 

The BVMF theory of relations v/as presented In two sets ; 
of papers in Curr. Sc'i, (1983) and (1986) £l ~ . In the 

present report, we shall discuss the application of the BVM 
formalism for generalizing the dfeusal form of a relation R 
which is commonly taicen to have the form of Eq.(l) (Kowalski £5^ )• 

A A2 A . * . A V B2 V . * . V Bl (1) 

As is well-known, this Eq,(l) can be represented as the 
disjunction of a number L of Horn clauses, each of which 
has the simpler form of Eq.(2), 

Ayj A A2 A . . . A ==£=^ = 1 to L (2) 

As commonly applied, in the clausal form, the disjunction of 
the inputs A-] to Aj^, or the conjunction of the outputs 
B.| to , have to be treated separately by writing them in 
terms of independent relations of the type of Eq.(l) in general# 
However, we find that it is possible to represent relations 
involving both conjunctions and disjunctions of the inputs 



. 2 . 


Draft“2 
MR- 5 7 

27.12o86 


and the outputs in a uniform manner by using BVM formalism; 
and^at the same time; generalizing them so as to be applicable 
to the relation R betv/een the members of two "universal” setss 
A X = 1 to Mj and £ s = 1 to N, of which 

the sets to and to of Eqs (l) and (2) are 
subsets A H VAa f , k = 1 to K and B -- j. ( , '6' = 1 to L 
in particular. Thus, in addition to Eq,(l), it is possible 
to give formulae to- stand for relations of the tjrpe given in 
Eqs (3), (A) and (5) below 


\J ^*2, * * * 

V Aj^ 


B., V B 2 

V . 

. . V Bj 

(3) 

j\ yj /\ /\ 0 0 0 

A 


A 

/\ . 

. . ABl 

(4) 

A^ \/ “^2 0 0 0 



B, ABj 

A. 

. . A Bj^ 

(5) 


The theory presented here is based on an elementary 
relation of the type of Eq.(6) discussed in fl”] » > £or 

the larger sets and of the form 


« B ^ : 'X = 1 to M, = 1 to N ^ 

in which related to B^, and 0 otherwise 

Using this, it is possible to give a basic relation which is 



3. 
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somewhat similar to the Horn clause, but which has a 
complementary form, namely 

A y ' • • V ... V k = 1 to K, 

^ 1 to M, to N (7) 

Equations of the type (7) can then be . combined suitably SO as to 
get the formulae for the standard clausal form of the relation, 
namely Eq.(l), as well as those having the fonn of Eqs. (3), (^) 
and (5). Eq.(7) has a single input and multiple outputs_, since 

the BVM formalism uses the input to output procedure of 
implementing logical formulae , unlike the converse in the clausal 
form of implementation j so that the emphasis is on each of the 
inputs and their consequences. ■ 


Thus, general- Boolean algebraic formulae representing 
the relation in Eq.(6) can be used to implement Eqs. (1), (3) 

(4) and (5) when we are given the elements R^^of the relation, 
which is much more general than the formulae covered by the 
clausal form of a relation. However, if the informatioja 


regard.iiag is itself given via a clausal relation of the 

standard type as in it is possible tc 
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relational matrix so as to cover this contingencj’-. In all 
cases, it is possible to obtain Boolean algebraic formulae, 
using BA-1 formalism as in classical 2-valued logic, to 
represent conjunctions and disjunctions , and Boolean M-vectors, 
N-vectors and M x N matrices to represent the subset A, subset B 
and the relational matrix R , . 

In what follows, we shall mainly adopt the treatment in 
and [ 3 ^ , but develop a new notation so as to be consistent 
with the general theoretical treatments of propositional calculus 
and predicate calculus using quantifiers, as presented in 
Matphil Reports No. 52, 53, 54 (C6 - £1). This is first 
considered in Section 2(a) and their application to Eq.(l) is 
considered in Sections 2(b) and (c). The extension to Eqs. (3), 
(4) and (5) is developed in Section 3- A still further extension 
to a general relation equation between logical polynomial^ 

) is considered in Section 4, and an 
indication of how the four types of clausal relations can be 
connected to quantifier states is discussed in Section 5« 




2. BVMF foiTOUlae from the theory of relations. 

(a) General theory 

As mentioned above, the purpose of this section, is to 
introduce a notation which is consistent with that recently 
developed for propositional calculus and predicate calculus, 
but which is generalized to m,any— valued propositional calculus 


29 , 12.86 

v;hich. is the basis of the theory of relations. Suppose that 

we have two sets of atomic formulae, 'A and S , as in (8) , 

with the relation (6), namely A. R. , between them : 

A A/^ / 

^4 ~ , A - 1 to’M ; ^ ^ yU ^ ^ to K (Sa,b) 

The implementation of this relation can be perfomied in BVMF ' 
form as follows# If we consider the subset A of and the 
subset B of S f consisting of the elements in (9a, b) , 




A , 


A 


n ) , 


'Xi^ (k - 1 to kJc^ 1 to M 


(9a) 


® *** ’ ^/''k^ *** * 

ju# ( ^ = 1 to L) G '\ to N (9b) 

^ "V 

then, the unary form of the relation, namely A R - B, has 
the following Boolean-^algebraic represent ation and logical 
interpretation # The tvro Boolean vectors q and b representing 
the subsets A and B, have the components as in (I0a) and (10b), 

a = ( a,j , ®-2* ♦ • • > >' ' with a^ = 1 , for ^ > 

k « 1 to K j a. =0, otherwise (10a) 

A 

b « (b^, bg, .... b^= 1, for /-j , 

^ = 1 to L j b^ = 0, otherwise (10b) 

Then, since the subsets A and B, .defined by (9a, b) are the 
unions of K single -element subsets ^ single-element 



, 6 , 


Draft-?. 

MR-57 

27 , 12.86 


as the 

suteets , the veotprs 8 end b osn be ,,-rlttea/Booleen seme of 

..singular Boolean vectors" ^{\) defined by 

..£,q.s.,. ( 11 ) and ( 12 ) . 


=-- (a.,, ’ ••• 


= 1 


k 


and - 0 for %4= \ 


a-{/.^l) = (b.,. b2. ••• . ’ ••• 

and b^= 0 for 

L 


K 


cl 


^cr-CXj^) , b ^ 


(11a) 


(11b) 


(12a, b) 


k =1 


In order to indicate the parameters associated with the 

tn the subsets A and B, we shall o.se 
a arid b, corresponding to tne 

( 4 TCl 'ind v(bAL) represent the vectors 

the notation v(a A Kj ana v\,o/ 

. r e fiPn b) . This is closely similar 
a and b respectively in Eqs. > 

(o the°notatlon involving the SNS 2 -vector eCha) and the 
Ob , -vector .(iax), employed^"? | and in propositional 

calculus and predicate calculus, in lb] , pj, Isl . 
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Then_, for a general form of a relation as in 

Eq,.{6), the BVMF representation § § has, for its unary form, 
the matrix representation in the form (14), 

<a ) R I = <b I (14) 

(^o)> Of "by 

in v/hich and<Tp| have the components given by/(ll) and (12). 

Its unary and binary forms of implementation are given by (I5a,b) 

Unary form of implementation 

v(a>^ R)j 1“*"“^ V { b y t-o L ) ( 1 5 a ) 

Binary form of implementation 

V ( a A K) , V (byi'^L) 3 e R b = 1.1 5b) 

where a» b stand for general vectors ,as in (lOajb} represent xng 
the input and output of the relationj while v(aA K) and- v (b L.; 

^ represen^^'t^e^ actual input and output vectors in a specific 
relation for which the general fomiula is implemented. V/e 
give below the actual formulae for the unary and binary form& 
of implementation as developed in [l3 and > b)Uu modified 

to be in the notation adopted here. 
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(h) Unary implement at ion 


We' shall show that the BVM formula (1^) is formally 
equivalent to the standard causal form of the relation as given 
inEq.(l). We shall first give the algebraic formulae connected 
with the implementation of Eq., (I5a) and then explain the 
significance of the equivalent logical relation. 


(i) Descrintion in terms of singular Boolean vectors . 

for a-R = b in Eq. (I5a) 

The expansion of Eq. ( 14)/ leads to the row vectors b ( A ) 
of Eq.(l6a) 


b/^( !\ ) = = 1 to N (I6a) 

we obt ain 

in which, bj?' substituting v(a A K) from (I3a) , for a in (l?£f) , / 

k = 1 to K (I6b) 

and b^ i %) =0? A since a ^ = 0 for A A ( 17; 

Consequently, in the matrix product expansion of (14), namely 


M 


a, ^ 11 ~ » yR.= 1 to N 


^A ^ V ^ 


(18) 


A = 1 

the Boolean sum on the l.h.s need be carried out only for those 
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so that v/e obtain (19a) 


Draft~2 

Ivm~57 

30 . 12*66 


K 


k = 1 




yCl = 1 to N 


/ r"' 1 

\ iy(^j 


The output VtiL-uwA 


ectox* bn can also be expressed in the form •‘^1' 


(I3b) as 


b 


L 

(b.j » . . . j b^i,>«**> bjjg) = v(byU'-L) ~ i 


where b^^ 


1 for /h=5 /U^jand 0 for = 5 ^yU., (19b) 


Thus, b 3 ^ using the representation of v(a A K) and v(b^,u L) 
in terms of the singular vectors cr-((\j^) and as in 

(15 a, b), Eqs. (I9a,b) can be written in the form, 



1 


L 

1 


?( 




As we will show in the next subsection, this is logically 
equivalent to Eq.(l) which may be rewr*itten in the form 


A 


A A 


A 


A 


A A 


K 


V 

>^1 


B 


,.u 


y 


y B 




( 21 ) 
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(ii') Equivalence of the BVMF £a.(20) wi th the logical £q.(21) . 

Vj’e shall Illustrate this hy an example and then generalise 
the result. Suppose that the set A of professors consists of 
four meinhers A.j, Ag^ A^, and that the set S consists of ^ 
four students Bg* \vho take courses under some one 

or more of the professors. The relational matrix ~ 



( 22 a) 


as given in ( 22 a), indicates which professors give courses to 
which students. Thus, the first row (1 0 1 O) indicates that 
B.| and take courses with professor ; the second row 

(110 1 ) indicates that the students B,, , B^ and B 4 take course 
with A 2 ', etc. Suppose we are required to find out wnicn 
students take courses under and A^. Then tne subset A 
of the professors under consideration will consist of (A.,, Aj) 
which has the Boolean-vector representation a = (10 1 O) . 

Hence Eq.(l 8 ) leads to the results as in ( 22 b) below. 



»11. 


(10 10 ) 



(1010) and 

0(0 0 1 1 ) and 

(10 11 ) B 3 and 



This equation shows effectively the superposition of '^^(^^ 1 ^) 

for k = 1, 3 leading to (l 0 1 1 ). On analyzing this 

/ 

as the Boolean sum on the r.h.s of Eq,( 20 ), of we 

notice that it is equivalent to the set of three students 

B^l , or 1 , 3 or 4 , Hence the answer is that 

the students B^, B^, B^ take courses under the professors 
and A 2 if we are given the relational matrix giving the 
distribution of professors and students as in ( 22 b), 


The main thing to be explained, in generalizing this to 
Eq,(2l) as being tne logical interpretation of Eq.( 20 ), is the 
justification of the conjunction on the l.h.s of (21) for A 

K 

and the disjunction on the r.h.s for ^/u.£. • wish to obtain 
the set of students associated with the given subset 


A » U A » A. , A. ? of the full set of professors 

A, ('A = 1 to M). It will' be seen that all these members 
A 

A. (k = 1 to K) will be present (true) if A ^ A A A 

A 1 Cl 


A A 

'A K 


e # « 
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is true. Consequently, the consequences of each set 

^ students associated with A . must be 

^ ^ k 

combined, so that when the resultairt set of all the students 

giyen subset 

who take courses under the / of the professors is evaluated, 
the students who belong to C ^ each have to be 

included. The BVtF vector representing this is seen to be 


nothing but the multiple Boolean sum ( ) of 

in Cl9a) j which is the same as the l.h.s of (20)* Mote that 
effectively t he con ,1 unc t i on of the members contained in the 
input subset A. = ;A , ( comes out as the multiple Boolean sum 

(or d is, junction ) of the corresponding Boolean vectors, namely 
^ b^ ( for the output vector v(b L) in (19a) and in the 

l.h.s of Eq.(20). (As will be seen belo'.v in the next subsection 


(iii), if we have A ^ V A. V/ ... Va, 

^1 -^2 


in the l.h.s^as 


in the relation in Eq.(3), then the corresponding Boolean 
operation to the l.h.s of Eq.(20) would be the multiple 
Boolean product ((^))# 


As regax’ds the interpretation of the r.h.s oi Eq.(20j 
as the disjunction of the elements 

the r.h.s of (21), this question comes up only -for a binary form 
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of implementation of the relation ■— namely to find out the 
truth value of the relation, given v(a \ K) and v('b^i'*-L), as 
in (15h)* Here^v/e shall only mention that the effective Boolean 
vector on the r.h.s' of (I9a) only indicates which cr-(/i/} 

corresponding to are contained in the output of the relsit ioru 

They may be contained in a disjunctive or a conjunctive manner's 

and this fact is not given by the unary relation. In other v/ords, 

e.g. 

we only find outj/in the particular example, v/ho are all the 

consisting of 

students who take courses v/ith the stated set of professors / 

and A^. The conjunction of the inputs A.] and A^ leads to 
concui-'rent the outputs 

the/existence of/B.|, B^^and The relation will be satisfied, 

as will be shown in the next section on binary relations, if 


any one of or is present. Therefore, the disjunction 

B V B V ... V/ B . , in the r.h.s of (20) is the correct 

-^2 1 , 

description of the Boolean vector b = - 1 to M , l.e. 

the output of Eq,(18). On the other hand, it is also possible 


to check for the simultaneous occurrence of B 

by taking ti^e/Bi?(^^ product of ■“ l’to L) , if needed 

Since this is only a check being done on the output vector 


v(b ytiL), v/e shall indicate its use for checking the truth of 



and (5), after v/s 


discuss the binary relation 
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relation In Eg, (3) 


In the notation developed above, the logical relation 
in Eq.(3) takes the form, 


A , V A A \/ » • • \/ A 

A2 


R.. 


K 


=> B , V B V . . . V B 


Al 


A 


Al 




and the Boolean algebraic equations corresponding to (17-20) 

are summarized belo^v, as in (24) and (25), for the following reasons. 


If we consider the same problem as in subsection (ii) and: 

wish to find out v/ho are all the students who take courses under 

either professor A^ _or professor (or both), the corresponding 

logical expression to be adopted to test the truth of the input 

statement is A^j \/ A^. If either A.] or alone is true, then 

the corresponding b^^^^(l) or b^^_^_(3) would give the set of 

students who take their courses with the concerned professors, 

is true 


If, however, the only information is that either A.j or A^/, then 
the set of students who would take a course under a professor 


(A,| or Aj) is only the union of the tw^o sets of students described 
by byuvd) and b^v(3). Thus, taking the particular example , 


this set consists of the single student \H.io takes the coui''se 

under both the professors A., and so that if either is present 
in the subset A, then he will be taking a course with him. Therefore, 
the corresponding Boolean algebraic operation 'equivalent to the 


I 



.15. 


fort he re lat ion ( 2 3 ) j 
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) - (0 0 1 0}j v^liich 

gives a single student who will he taking a course^fniaking 
R to he when 

the relation) true^. i either one of the professors A>] or 

j. • 6 # is 

is giving the course (jvresent in the subset A under consideration) 
From this example, we , may generalize the corresponding formulae 


as follows. 

fiq.(l8) becomes Eqo.(2li) helo\^. 

m' 

V “ V 

Eq,(20) becomes Eci.(25) > namely 
K L 

'k 


(24) 


® ® --Cap 

k = 1 1 


.25) 


interpretation^of ^ 

It is obvious from the above explanation that the logical / fiJa^.(25)is 
Eq.(23) giving the clausal relation between the disjunction 
of the inputs A ,, and the disjunction of the outputs B j 
so th.at E;q...(25) ,ls the B?MF representation of Eq.(23). 


and it 


/e shall nov/ consider the binary relation, namely l>q,(i5Dj 
ts EVMF inrolemeiitation before considering the implementation 


of Eqs. (4) and (5) 
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(c) Binary form of Implementation of the standard cfausal relation 

The standard clausal relation given in Eq.(l) can he 
expressed in the form of Eq,(2l) in our notation. The 
relevant equation that is to be implemented is (I5h) with 
the inputs v(a A K) and v(byt-tL) in the equation a R b = 
yitlding the truth value of the relation R as , The 

corresponding BVMF formula in the Dirac bracket form is 

R|t> = . $((® ® b^) (26) 

Eq.(26) can be split into two parts as in (27a,b) 

^)Rl = <b‘|, 4’'|slb> « ^») b>= = t i27a,b) 

In this, (27a) is identical wdth the unary equation which has 
been discussed in the last subsection (b). However, we do not 
take out the output of the unary relation, but check 

this output with the second input v(b yx L)S 1 "to N 

by the equivalence relational matrix IeI to obtain the truth 
value t as c^ . This will become evident if we expand 
<4’ I b> as in (28). 






Draft-2 
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4^’ I b > 


® b.,. 

/ 

( 28 a) 


A ^ 



« 1, if 

for some yu , b^ = b^ = 1 

( 28 b) 

and 

= 0, if 

for no yw , 

(28c) 


b/, and b, are both equal to 1 

yv*- ^ 


Thus, the relation R will, have a truth value t(§,b j R) = 1 
standin.g for "true", if the output vector of the unary relation 


(27a) has at least one component b* which agrees with one 
component of the second input vector b^^^ (making some ^ , 
the same as ), and 0 if the two sets B* and B have no 

members in common, so that b^ = b^ = 1 Is not true for any tA- , 

/ V 

as in (28c), This agrees very well with the concept of the 


relation b«ing true if there is at least one member of 

the set A and one member B^^ of the set B which are related 

/ i 

by the relational matrix element R ^ examination 

of Eq*(26) and (27) also indicates that t * 1 if there is one 
term a R. b^.^ = 1, It should be noticed that by taking the 

A AyA- J 

Boolean sum ^ in (26), "we effectively make the check for the 
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of the members of the output set B, On the 
other hahd, as explained under section Cb) on the unary form 
of implementation, the same multiple sum , when applied to 
the product is effectively equivalent to the con.iunctlon 

of the members A/, in the input set A, Therefore, Eqs.(26) 
and (27) refer exclusively to Eq.^i), which is expressed in 


our notation as Eq,(2l), 


3. Summary of BVMF formulae for the im-plementation of the 
four types of relations . 

(a) Tvpe-1 relation 

We shall call Eq.(l) as a Type-1 relation and Eqs. (3), 

(4) and (5; as Type-2, Type-3 and Type-'^ relations. We shall 
give the outline of the BVMF formulae for these in this Section 3< 
In the subsection 3(a) we shall not only give the formulae for 
Type-1 relation, but also the nature of the specification of 
the problem, given a general matrix and the particular 

form of this matrix when the relation itself is specified by a 
clausal relation of Type-1. These, are given in Sections A and B 

of Table 1, (See Section 5 for a justification of the statements 
in Table 1 B ) , 
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Table 1, SuHimarv of BVMF formulae lor the implementation 

oi a Tvpe-I relation 


A. General relation specified bv a matrix R, 
— 


Nature of the relation 


Logical specification ; ^ ^ 


R 1 ii 

' = 0 otherwise 


A. is related to B,,and 

A 


Equivalent BVMF representation : 
g R b j ^ ( a^ f a^ » ••• ) > 

^ = (b^ j b^ t • • • > * * * * * ^ ^ 


B. Relational matrix specified bv a clausal relatij 
Logical specixication t 

A aO a a a O a. ® 

A2 ' 2 / 


2 

\ j^o ^ *1 t o M , ^ ® ^ 1 t o N 


Al® 


'MF representation : Same as in (A-2) except that 
only if A ss 1 . to I^^and = C 


(A»1) 

( A'“2} 


(B-1) 

1 

otherv/ise 

(B-2) 



Tatile 1 Contd 
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C ... ImTD lament at Ion of a Tvr)e-.1 relation R(1) 
1. Specification ot the relation 


Logical formula ; 


Aa AAa A...Aaa 

A'l . A 2 A^ 

B 

\/ B 

A 2 

V , . . V B ,, 

Al 

(C1-1) 

BVM specification 

L.H.S of (C1-1) = v(a 'A K 

K 

) = ^ 


) 


R.H.S of (C1-1)'H v(b/i. L 

k = 1 

) = ® 


) 

(C1~2) 

Relational matrix 

1 




^ A/'-* A = 1 ’to M, /U = 1 to N as in Part A^or Fart B, 
according to the nature ol the prohlern 


2« Unary lorm of implementation 


^)=s v(aAK) 

leading to 

( a A K ) I R I = 

giving as output 

V " A L ^ 


I = ^) I — ^ I = 

f 

= 0 V/ B 


vCh fl L ) 

(C2~1) 

k ^ k A 

(C2-2) 


CC2-3) 
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liable 1 Contd. 

Binary form of implementation 

^ I R j «= , ^»jb>ec^ j =t(a, |iRCi}), iC3-i) 

With the inputs 

= vCa^\K), » v(b,tuL) (C3“2) 

as in (C1-2), we have 




(a, 


k 






z 


(b- ® 




‘k 


(C3-3) 


leading to 

0 (0 Sa ® R. ^ ) < 2 ^ 


K 




1 k = 1 




(C3“^) 


In this table, the relation that is implemented and tested 

is given in Section C , which is also a T:ype-1 relation and 

sub 

having the members A for the/set A and for the subset B « 
Since tne relaxional matrix may be specified as in Section A^or 
Section B, according to the nature of the problem under 
consideration, the formulae in Section C for a Type-1 relation 
are all valid, either for a general relation R^^ between the 
members of the sets ^ and 8 as in Section A^ or for the 
particular type of relational matrix given in Section B as 
demanded by a clausal relation. 
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The implementations of the unai'y and binarj?- relations 
discussed in Sections 2^.0; and 2(c) which are summarized in 
Parts C-2 and C-5 of Table 1 can be summarized still further 
as described in the next- para. 

Thus, in the tinary implement ax ion of the relation in (Ci-1) 

given, the indices of the members of the input subset A 

defining the input vector g and the relational matrix 

the value of ^ R.. (C2-2) can be calculated to yield the 

k 

output vector b( ^ * which is then analysed to find out 

which b/. are equal to 1 and tnus give the indices of the 

otstput subset B( H a® (02-3). In the binary 

implementation, given the indices and of the subsets 

A and B, and the relational matrix ^ \ Boolean multiple 

sum ® ( ® R V ) ^ ^ (03-4) gives straightaway the 

k 

truth value t or the relation in (C1-1) as the Boolean number 
1 or* O . 

(b) Relations of Typ es 2 , 3 and 4 

As mentioned in Section 2(b) (iii), the Type-2 relation 

denoted by Eq.(3) is taken to be the format of Eq.(23), with 

the indices and , as in Table 2A Eq.(A1-l). This is 

the equation to be implemented, using as input, the relational 
matrix R^.as specified in Table 1A, or 1B, according to the 
nature of the problem. 
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For the unary form of implement at i on j the essential 
theory is wliat was developed in Section 2(b) (iii), with the 
only difference from Table 1, in that the input data consist 
of dis .junctions of the input terms A . to A . , v/hile the 

output is the same as for the Type-*1 relation. The corresponding 
changes, as indicated in Eqs.(24) and (25), have been incorporated 
in Eqs. (A2*-1), (A2-2) , (A2-5) of Table 2A. 

For the binary form of implementation, since the outputs 
for a Type-1 relation and a Type-2 relation are tb^ same, the 
only cnange that is needed is in the unary part of implementation, 
namely j @ lR| = , which replaces R) = 

for the Type-1 relation. With this change, Eqs, (A3-1 to A3-4) 
of Table 2A readily follow from the corresponding formulae in 
Table 1C, namely (C3-1 to C3-4) . It will be noticed that, 
in essence, the Boolean summation over k for the Type-1 
relation is replaced by the Boolean multiple product over k 
in Table 2k for the Type-2 relation. 

The formulae for the Type-3 relation are given in Table 2B, 

The logical relation is contained in Eq.(B1-l) and it differs 
from the Type-1 relation only in that the output is the conjunction 
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Same as in Table 1^ Section C-1 . 


= v(a A K ), ^|®jRl = 4^) “ v(b^L ) 


leading to 


6!(aA K )I®|r1 . 




(A2-»1) 


<A2-2) 


giving as output 
= v(bytt L ) 




s in a rv form of implementation 


(A2<=3) 


^a| ®jR) = <b»| , = t(a, b | Ri2)) (A3-1) 


With the inputs 

^^f = v(aAK ) , » v(by«^^L ) (A3-2) 

as in CC1-2)of Table 1, we have 

^ ^..A> = ’• f % ® >i ' “ 

leading to L K 

®(®a. & R. n )®b„ =c^*©(® 


(A3»3) 



Table 2. Contd 
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2. BVM specification and relational matrix are the same as 
for Type-1 and Type-2 relations. 

There is no unary form of implementation particularly 

for Type~3 relation \\rhich is different from that of Type-1 

relation. 


5. Binary form of implementation 

4|R|=. * t(a, b I R(3)) (B2-1) 

With the same inputs as in (A3-2) above, we have , 

^ ® R \ ) = b((^ } (b? ® by^ ^ ^ “ b / (B2— a) 

leading to L K 

®C®a. (X)R. (<Br. ) (B2-3) 


BVM specification and relational matrix are same as for 
Types-1, 2 and 3 relations. 

There is no unary form of implementation lor this Type 4 
relation also, 

2. Binary form of imolemeritation 
^aj®]Rl * ,<^’l®lb>= J * t(§, b|R(4): 


relation 
Lon R(4) 
J A B 


A ... A B ,, 


®C® a. R 

k >' k 


(C1-1) I 


J 

* t(§, b 1 R(4)) 

(C2-1) 

■2 and 

Type-3 relations 


: obtain the value of c , 

ss 

L 

K • 

(C2-2); 

= ® 

1 

'S 
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of Type-3 relation, unlike its being the 

disjunction of b^^ in the Type-1 relation. Consequently, 

as mentioned in Section 2, the formula, for unary implementation 

is irrelevant because this only provides the output as a 

disjunction of b^^ . In the binary fo.rm of implementation,. 

on the other hand, the output vector b®, has to be checked 

for the simultaneous presence of the vectors ^ 

and this is done by a multiple Boolean product QO as given 

A/ 

in (B2-2) of Table 2B. Therefore, the only difference between 

the expression for the truth value t = between Type-1 

L 

and Type-3 relations is the occurrence of Q) in CC3“A) of 

L ss 1 

Table 1, and ^ in (B2-3) of Table 2 for Type-3 relation. 
The other formulae in Table 2B are quite obvious. 


In the same way, the formulae for the Type-4 relation 
of Eq.(.5j, rewritten in the form of (C1-1) of Table 2C, follow 
from a combination of those given for the input in Type-2, and 
the output in Type-3, relations in Table 2 itself. The features 
that are different are stated in Table 2C and the binary formula 


for t •* C/ contains multiple products, for both k = 1 to K 

VL. 


and =r 1 to L, of R 


>11// 
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A comparative statement of the BVMF formulae for unary 
and binary forms of, implementation of tlie four types of 
relations is given in Table 3. As will be seen from it, 
the output vector of a unary relation, and the truth value 

t " c^ of the binary form of implementation, are both 
expressible as Boolean sums or products of suitable Rv chosen 
from the components of the matrix Rv representing the relation 

Table 3. Summary of the BVMF formulae for the implementation 

of the four types of relations 


Nature of 

the relation 

BVMF formulae for implementation 

Designa- 

tion 

Logical 

connectives 

lor 

Unary relation 
v(b yU^L) 

‘ 

Binary relation 

■tCa, b 1 R(n)) = 

Tjrpe-1 

A 

V 

f 

0 ( ^ R ) 

4 k A k 

Type -2 

V 

V 



Type -3 

■ A 

A 

— 


Type -4 

1 

\/ 

A 

— 
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A study of the results given in this section and the 
relationships between the formulae for these types indicate 
that the formulation can be extended to a completely general 


relation between a logical polynomial in A 
polynomial in inEq.(29), 


k 


and another logical 


A^ V(Av AAv )VA\ =5=:^ (b ,, V B H ) A (b ,, V B j, ) /\ B 
>1 ^2 ^^3 ^4 1 tz A3 A 4 /“''5 

(29) 

This is discussed in the next section. 


4. BVMF formalism for a very general type of relation between 
logical polynomials 
(a) General principles 

On examining the formulae corresponding to the relations 
of the types 1, 2, 3, 4, which contain either conjunctions 
or disjunctions of the individual terms in the input or the 
output of the relation, it is found that they can all be derived 
on the basis of two simple equations governing implication 
involving conjunctions and disjunctions, namely 

((A<^ f\ Ag) B) CA<j ssss^B) \/ (A 2 sssas^B) C30a) 

( (A.j V A 2 ) B) 3 (A.| B) a (A 2 B) (30b) 

(A (B^ ^ ® ^ (31a) 

(A (B^ V B2)) H (A a*^B^) V (A =*^62) 


(31b) 
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In essence, if the conjunction or disjunction is in the input . 
then the two relations on the r.h.s are connected by disjunction 
or conjunction respectively. On the other hand, if the 
conjunction or disjunction is in the output . then the two 
relations in the r.h.s are connected by the same connectives 
conjunction or disjunction as the case may be^ This difference 
is evident in the BVMF formula in Table 3, where it will he 
noticed that the Boolean operation for k is the Boolean sum 
or Boolean product according as the logical operation for A. 
is conjunction or disjunction; while the Boolean operation 


is the sum or product lor the output 



according as the 


logical operation is disjunction or conjunction. 


The above homology between the logical operations in the 
description of a relation ,and the corresponding Boolean operations 
in the BVMF representation of the relation and the derived ■ 
formulae for its unary and binary implementation^ can be used to 
formulate the theory for a general relation of the type in (32), 
one example of which is (29). 

Type 5: 

where and gj^ are "logical functions" of A 
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and ... t the conjunctions} disjunctions 

and parantheses in any order. The function or g^, as the 
case may be, is specified by the positions of occurrence of 
these conjunctions, disjunctions, and parantheses. 

We may define the corresponding Boolean functions ±^-,{11 a ) 

^ Ak“ 

by replacing A . by u y , which are Boolean scalars, associated 
Ak 

with the same indices having the values 1 or 0,by replacing each 

disjunction by the Boolean sum C 0' ) and each conjunction by the 
Boolean product (®)» with the parantheses in the same positions 


as in ) } and similarly define ) by repl 

^ jiu 


acing 


B,. by V,. ^ j which are again Boolean scalars associated with 

A/ 

the indices yi^^and the logical operators V .and A by the Boolean 
operators ® and ^ , keeping the parantheses in the same 
positions as in We also require, in addition, two 

other Boolean functions associated with fg(u and * 

denoted by * which we term as the 

"complements" of the functions fgCu^^) and ggCvy^^^ ). These 
are obtained by replacing every Boolean sum operator by a 
Boolean product and vice-versa , leaving the Boolean terms and 
the parantheses unchanged, in the expressions fg and gg 


respectively 



Draft -1 

MR -.57 

5.1 o87 

The relations between fg and and similarliy 

between gj^, gg and g^‘ may be illustrated by the examples 
from Table 2. Thus, denoting the logical formula of a Type-2 
relation, namely (AI-I) of Table 2, by 


fL(A 





(33) 


the relevant part of the equation (A2-2), namely 
can be written in this notation as 





> = 1 toN 


(34) 


The r*h.s of Eq.t34) effectively is a set of Boolean functions^ 
each having the Boolean scalar value 1 or 0 corresponding to b 
the function itself having as its argument being 

associated with fg of (33). The star occurs in fg since 
disjunctions in the l.h.s of (33) are replaced by Boolean 
products in the expression of b^ in terms of ^ 

In the same way, in the binary form of implementation, we 
may consider Eq.(A3-3) of Table 2 , namely 


ffi(b’ @ ) = Cw = ® V 

J Ai ^ ^ 


(35) 


This has a multiple sum over^^ corresponding to the multiple or 



.32. 
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in same indices * Consequently, Eq,(35) 

can be written in the notation of the polynomial function 
in the form 

V “ *8^=06 (36) 

Once again^it is to be noted that , (/!^) is a Boolean scalar 

which replaces in gL(B^u^) to give 

These examples will illustrate the application of our 
significance 

notation and. the / and nature of the associated functions 

^ ‘H* 

fg and In what follows, we shall give a statement of the 

essential results for the implementation of the Type-5 relation 
(32) and give the proof of the formulae in the succeeding section. 


BVMF 




ae ±0 


ementation of 


We shall state only the binary form of implementation 

ths 

since this contains two equations, one of which <^b‘j yields/ 

intermediate input /b'| j which is really the output of the 

unary relation associated with the input ^ | and the relational 

matrix The second equation compares the jb’> with the 

via the equivalence relation I b)> , 

second input namely lb)> / and provides the truth value of the 



binary relation 


<6, I R I 
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. This pr'ocedure^ of effectively 
replacing the process of finding the truth value of a binary 
relation into tvro parts, is very vital in the formalism 
associated with the most’ general type of relation, namely Type-S* 
We shall therefore give the formulae, corresponding to those . 
in Table 2A Section (A-3) , Eqs (A3-1 to A3~4) , for the Type~5 
relation in the form (32) , where the logical function is very 
generally defined. In the proof v/hich v/lll be given in the 
next section, we shall take the disjunctive normal form for the 
input and the conjunctive normal form for the output as is the 
case, e.g, in the relation in Eq,(29)» The procedure adopted 
therein will indicate that this proof is equally valid also 
for the general polynomial form for which we give the relevant 
formulae below. 


With the inputs 


I = v(a A K) , <:5>l = v(byxL) 


define 




1 to N 


Since a> * 1 for A= A , we obtain b^'^^C = ^A, /-l. ^ 

for SB 1 to N 


C37a) 


(37b) 


(37c) 


Then, corresponding to ^ (32), the intermediate output 


b’ = b 


4(b’( Av)) 




(37d) 
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This can be analysed, to obtain an expansion in terras of 
< 0 -' as 

^ ) (37e) 

where are the indices of those b^^ of (37d) \irhich are 
equal to 1. 

Effectively, Eqs. 37(b“e) give a pi’ocedure whereby the 
output vector ^b'f = v(b'/t'- L) can be obtained from the 
unary relation corresponding to (32), when applied to the 
input v(a A K) of (37a). 


We shall now consider the second part of the binary form 
of implementation, namely 


^b'lEl b> <b'| b>= 0^ 

With s= v(byL\. L) and the output represented by 

as in (32), we obtain c^ as follows. 


(38a) 



) 


Define 






£* =s 1 to L’ and 


b 


1 if some , A;i 


A’ 




K » 

= 0 otherwise 


(38b) 

(38c) 


Then 


‘Lc “ I R(5)) 


(38d) 
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It is to be noticed that the logical functions f, (A > ) 

and of (32), correspond to the Boolean functions 

^ (37d) and (38d) respectively, 

and that the former one -is the starred complementar'y Boolean 
function % corresponding to fj__, and that the latter is the 
non-complemented gg corresponding to g-^f in the relation (32), 
The reason for this become clear in the proof that follows. 

What is interesting is that, by using the BVMF formalism and 
separating the relation (32) into two parts namely, a unar-y 

form of implementation to obtain b* , and af;i equivalence 
comparison check to obtain ■»» the utilizations of the 
functions fj^ and gj^ are brought into two independent steps. 
Consequently, the implementation of the logical polynomial 
function, fj^ or via a relation of Type 5, can be carried out 
in an analogous manner in Boolean algebra via % and gg , as 
in the two steps of the BVMF equations in Tables 1 and 2 for 
Types 1—4, As mentioned earlier, we shall restrict ourselves 
to the standard disiunctive normal form for fj^ and the conjunctive 
normal form for in what follows, and it may also be very 
practical way of carrying out the c ale ula.t ions, since the 

individual steps in implementing these noi’mal forms require only 
the formulae in one or the other of the four types, Type-1 to 
Type-4, of the logical relations. 
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Cc) Proof of gqs. (57). and (38) 

We shall use the notation ^ i to M , yl^= 1 to K) 

to represent the members of the full sets)^ and of atomic 

statements, and k\ , 

^ k 

(k. i to M, to N } to represent the members of the 

polynomial describing the input and output of a relation of 

Type-5. However, we need one more notation to represent 

specifically the arrangement of the terms in the dis^junctive 

and conjunctive noi^mal forms. These are as follows. The input 
is always put in disjunctive normal form and is stated as follows. 




k = 1 to k, 


i 


1 to L. 


fj^CAi ) «= ^ “^2 ^ ^ ^ ^ A • • . )\/.. e 

Vu., A... ^ Af^) V ... V (A^ A ... A a|^) (39) 

A general A \ is replaced by A^ , in t39). (For practical 

r 

purposes, one could associate the two indices (r, k^ with 
the corresponding index with ks=1toK,) In the same way^, 

I 

the output statement is always put in the conjunctive normal 
form (40) with similar notation, namely, 

5 “ SlCbJ^) « V ^2 V ... V A .... 

AiB=V... VBf ) A ... AlB^V... VBf ) 

' s s 

where a general Bn is replaced by b| and one can associate 


( 40 ) 



the pair of indices (s, £^) with a corresponding 
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,/= 1 to L. 


We further assume that the Boolean values of R 


AA'" ^ 


'A a 1 to M, /^= 1 to are available. Then the two steps 
in the binary form of implementation as out fined in i37) and (38) 
can be proved as follows. 


may write the general function ) as the dis;iunctic 


of a set of R functions ) as in (41asb): 

R 




f[(Aj ) j ff(Af ) 




kj^s: 1 


C A 1 a j b ) 


In this, each f^CA^ ) has the express! c 


fJ(Aj ) = aJ A aS a, 


AaJ 


(Alc) 


which is a conjunction of terras corresponding to the standard 
form of input for the Type-1 relation. 


In a similar way, we can express gf (Bf ) as a conjunct! 

A/ 


of S functions ^ t42a,b) 


gL(B| ) « / \ gL(BJ ) ? 


8 = 1 


,4 = 1 


(42asb) 



,38. 
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S S \ 

in which each ) ^a-s the expansion. 

s 

= B® V B® \/ « , o [/ i42c) 

which is a disjunction of terms corresponding to tiie 
standard form of the output of the Type-1 relation. 


The way in which the 'binary relation is implemented via 
two steps, the first of which is the implementation of the unary 


relation connecting the input f; ) with the intermediate 


output .^and the s*econd an equivalence relation 'between 




B 


•S 

and may 'be outlined as follows. 


(l) Steps Involving unarv form of implementation 


We may combine (4la,b) and make use of the fact that, 
each j, . 

in the latter,/ f£_(Aj. ) is a conjunction of terms as in ci^ 
Type-1 relation^ and that the latter is a disjunction of R 
terms so that by employing the first half of Eq.(C3“3) 

of Table 1 for Type-1 relation^ and the first half of Eq,iA3“3} 
in Table-2 for the Type-2 relation, we obtain 



(43 a) 

r ■' ^ T 

(43b) 
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In this Xic is a function of two indices r and k„ . In 

terms of these same two indices ^ the expression for ) 

r 

takes the form 


- V ‘ a al 


i43c) 


r = 1 kj^ss 1 


On comparing t43h,c)j it will be noticed that the multiple or 
in i43c) is replaced by the multiple Boolean product over r 
and the multiple and over 'k^ is replaced by the multiple 
Boolean sum over the same index k„ « Hence we may write 


% ^ ^ ^ r 
^r 


(43d) 


For utilizing these components of the intermediate output 

b* of the unary part of the binary relation, we may express 
it as a sum of N-vectors < 7 — C^-^, ),as in (44) beloWj ■ 

where denotes those values of for which b^ *= 1* 


(44) 


See one 


of calculating the, bingj 


uth value 


In an exactly similar manner, we make use of the fact that 


) is expressible in a form analogous to (43c) as 

) - /\/ V, ^ 


W&) 


3 - 1 4 - 1 



40. 
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For evaluating the value of corresponding to the 

Boolean vector-matrix product 


^ (45: J 

we make use of the second part of Eq. (A3-3) of Table 2jfor 

of Eq. 

Type-2 relation^ and /^B2-2) of Table 2jfor Type-3 relation^ 
corresponding respectively to the disjunction of the individual 
terms of the output and the conjunction of such ttrms respectlvsis^o 


Then we obtain. 



(cr-(/t ,) 


and 






^ s 


(45c) 

(45d) 


On comparing (45a) with (45d) it is clear that the former 
can be expressed in the form 


Thus, 



Type 5, 

for a general relation of the / . with 


(45e) 

f, being in the 


disOunctive normal form and being in the conjunctive 
normal form, we obtain both the unary relation implemented 
in terms of fg , and the binary relation implemented in terms of 
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fg and. as in t43d) and i45e). On comparing these two 
equations with (37d) and C38d), and replacing by 

as mentioned in connection with Eq.;39)9 and similarly /^(i 

it will be seen that Eqs. (A-3d) and C^5e) are only special cases 
oi Eqs i37d) and C38d) when and gj^ have the disjunctive 
normal form and the conjunctive normal lorm reapectively. 

However, the method of proof employed indicates that conjunctions 
and disjunctions may occur in any order with suitable parentheses 
and the formal procedures, of obtaining % for the unary relation 
from f^, and gg for the second part of the binary relation 
from g^, are still maintained, so that the general equations 
given in (37) and (38) will continue to be valid. 



It may be pointed out that the two foms of input and 
output in which the individual terms are connected by conjunctions 


and disjunctions respectively, can be connected up with the 
quantifier stater j^^) and Cq^.^)(B^^) of the subset 

of terms | » k = 1 to K, and E -- 1 to L associated 
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vith these two quantities. Thus the following definitions 
of the two standaM quantifier states (V k) and (3 k). (as 
developed in £63 ) is quite obvious® 

(Vk)(A. ) » /\ A , I (3k)(A> ) s \ / A. {46:i,;b) 

^k k A Is 

(Vi)(B^^) = /^ ! (3i)(B^^) = y 

Then, the Types 1 to 4 of the relations discussed in this paper 
can be restated as in (470-4) , 

Type-1 : cVk)(Ay ) «%' (9 J)(BhJ ; Type»2t (Vk)(A.v 

(47a,b) 

Type-3 ; (3k)(A^^) Oi)(^) ; Type-4: O k) (A^ ^)=4(l/i) ) 

(47c ,d) 

The truth value t ^ t(R(n)) j as a Boolean number 1 or 0, 
gives essentially the existence of the relation ^ 

when the input and the output of the relation has the quantifier 
states (qg^k) and (q^ -6) over the subsets "^Aj^ 
respectively. 

Since the variables k and ■£> in Eqs. (ATa-d) are 
independent, the QL-2 relation, in each of them can be converted 
into its equivalent in the QL-1 fqrm as given in (48a-d). 
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Type -1 J O k) ( 3 i) ^ ^ A ^ ^ A ^ ^ ) ( 48a) 

Type-2 : (3k)(\/.£) ^ A jj. ^ X ^AI;^ (48b) 

Type-3 s (Vk)'(3 i) ^ X Vi^ 

Type-4 : (Vk)(\/.i) ^ X ij/*-/ ^ (48a} 


(a) Significance of the binary truth value t 


■n 


These equations pro'vide a direct alternative derivation 

of the BVMF formulae for t(R(n)) = in the four rows of 

column 4 of Table 3* The quantifiers (V k) and Ok) are 

replaced by the BA-1 equivalents and for the logical 

connectives A. V which are contained in (46a, b) defining 
^ ^ (V^)and 

these quantifiers, and similarly for/(j£). Then the four 
BVMF equations, mentioned above, in Table 3 are equivalent to 
the four equations in (48a-d) for the Types 1 to 4 of relations 
considered in this report. It is to be noted, however, that 
the Boolean operator corresponding to the quaxitifier 
occurs to the right of the one for (q^k) since logical equations 
are written from left to right, while in matrix algebra, the' 
application of the operation or occuisto the left of the 
corresponding operation or as the case may be. The exaci 

liC 
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interpretation of Eqs, (48a-“d) corresponding to the truth 
values t(R(n)) gj-ven in Tables 1, 2 and 3 may be given as 
follows. Considering the Type-1 relation first, the value of 


( equeil to 1 or 0, is equivalent to 

saying that the multiply quantified statement in (48a), namely 
(3 k) (3 ^ ) (A ^ ^ R ^ 1 ^ is true, or false. It will be 
noticed that we are given the nature of the relation in the 
form of the elements of the Boolean matrix hieing equal to 

1 or 0. We are further given (in the Type-1 relation in C47a)) 
that ail members of A , are present, and we seek to find out 

which members of the set are present if they are related 

by in the unary form of implementation. In the binary 

form, we ask whether the relation is true; and, as we have 
shown above, the relation is true for (48a) if there is 
at least one k and one ^ for which ^ equal to 1, 

so that there exists a ' which is related to one of the 


A ^ , In the same way, the value of tg 




R 




k/^i/ 


) 


is ’'true*', if for all there is at least one which 

is related to all of the A . . Similar considerations hold 

^k 


for = 1 and t^a 1, 



, ^ Draft -2 
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On the other hand, t-,- 0 negates the multiple quantifier 
(3 k)(9 /) in (48a) which yields 


■=|(3 k) (li') (A ^ ^ ' (=^Ok) y =1(3/)) (A^ R 


®A.£ 

(49agh) 






(4 


b/ 

This means that either no A i exists v/hich is related to Bjj „ ^ 

A ic jv > 

s that is related to an A . • If either is 

''k 

known to be not true, then the other one follows. 

The above considerations can give the answers to questions 
in predicate calculus for sets of terms related by a clausal , 
relation of any one of the four types, which can be worked out 
practically by a computer using the Boolean algebraic formalism 
developed here. The question may now be asked as to what is the 
nature of the quantifiers (q^k) or if we combine two 

or more of the truth values t^ to t^» ¥e shall briefly 


or no B li „ exist 


examine this and point out a very interesting consequence ^ 
regarding the quantifier states that emerges, A full discussion 
is reserved for a separate report. 
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Determination of quantifier states from truth values of relations. 


It is possible to use the information regarding the 
quantifier state input of a relation of 

Types 1-4 to obtain the truth value of the quantifier of the 
namely Cq^ ■* ) ^ ) , Thus, suppose it is known that 


and 


(\/k)(A V ) is T, then the truth values t^ / tp j of. the relation 
k 

of Types 1 and 2_,will depend essentially on the quantifier state 
of the output — which is (3''^)(B^^) for the Type~1 relation 
and C\//^)(B,. .) for the Type~2 relation. Consider now the four 
combinations possible for (t^, t 2 ) » namely (1, 1), (1» G), (0, 0), 
(0, 1). Then the relation effectively true for 

the quantifier state (50) of the relation, namely. 


(3k)(q^^)CA^^ 

in which has the quantifier state as given by (51a-d), 

for the four combinations of (t^ , t 2 ) « 

t^ss 1, tp™ 1 » since (l/'^)(B^^) 

given by tp* 1 iniplies (3^)CB^^) required, by t-j= 1 * .■ (5!ii) 

t4,= 1, t2= 0 ^ (q^ « (3'^)(B^^) a 

since the two pieces of information are coexistent 

* We have used A in this as in standard logic j strictly 
the operator involved is ® in BVMF . 
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0, tn* 0 


t^- o> 


1(3i)lBn Jj since 



tr “ 


i B js , ) given By 0 iroplies 


demanded by tg » 0 


t^s Of tp« 1 is impossible, since 


TJ^S U, <*2' 

by 0 


/i t[ (1^ 

./ ,/l/ 


) required 


contradicts "^-^7 ^2 ' ^ 


It is extremely interesting that the only three qaantifier 
states that are obtained for 31 , corresponding to 
are th* three generator states Vi respectively 

BA-3 algebra of quantifier logic (QBA) developed in (j] , [ 2 J > 
fel from the BVMF approach. This will. be pursued further in 


a S 6 parat 6 raport* 
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Preface 


This report consists of three notes, N-1, N-2 and N-3, 
which arose as a consequence of developing the ideas* in 
KR-57* They can be read in succession and the notation is 
consistent with the lucent lecture notes MR-55 and 56. 

N-1 is an extension of the four operators E, JL, M, N 

_which are applicable to quantifier states, to general logical 

functions f(ai) in BA-1, employing the two standard logical 

connectives Aand V • Here also, four functions derivable 

from f(ax), namely f®(ax), f^(ax), f°^(ax), f^(ax), are 

defined in exactly the same manner as for quantifiers. The 

four operators E, JM, JN from a group exactly as for 

quantifier states and these related functions are very useful 

for a rigorous theory of quantifier states employing BA— 1 

truth values, which is developed in N-2. 

* 

The note N-3 is a still further generalization of N-2, 
employing BA-2 truth values. As shown in MR-52, the eight 
quantifier states of QEL employing BA-3 algebra, which are 
obtainable even from the use of BA-1 truth values for ax, are 
left unchanged on going over to BA— 2 truth values ax , 



. 2 . 


by suitably defining the function f(|x:) corresponding to 
each of the eight quantifier states. 

It is believed that these three notes form a very 
satisfactory way of defining the whole of the quantifier 
algebra in terms of functions of logical terms employing 
the connectives of propositional calculus. 
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"1 • Extension of th. e rela'tibns between •th.e lour standard 
quantifiers to logical functions 

The four standard quantifier states V , 3 , ^ 

have the relationships of the tjrpe 


q(i) == q(i®), q(i^), q(i™) , qCi^) = q(i) 35^^ ii 

In the same way, we can define not only the function f^Ca^^) 

associated with the function also the functions 

^ 

Ifj^Caji^) and " having the forms as defined below. 

TaKing the quantifier state (\/x)(ax) = A ax = q(iax) , the 

X 

four standard quantifiers in Eq.(l) take the forms 


(\/x)Cax) 
C3 x)(ax) 


.A 

= V 


ax = qCiax) , i 
ax as qCi*^ ax) 


1 


(2a) 

(2b) 


l(Vx)(ax) a= CA_x)(ax) 
*n(3x)(ax) = (^x)(ax) 


A ax) = V ( — J ax) s= q(i“ax)(2c) 

X X 


V ax) as /\i^ ax) = q(i^ax)(2d) 
X X 


In this the logical expressions on the r.h.s may be replaced 
by the form fx (ax) a= A ax when they take the formal 

^ X 

descriptions as in (3) below: 

(\/x)(ax) a= fj^(ax) ; (3x)(ax) = fj^(ax) = f (ax) ; 

C/Vx)(ax) » f“(ax) as -~Jf(ax) ; C^x)(ax) .= f"(ax) ="nf*(ax) 

(3a,b,c,d) 



In these equations the particular form of fj^(ax) given in 
Eq.(3) for the quantifiers can be generalized to any logical 
function fL(ax) containing the logical connectives — I , A , \/ 
The superscript s 3 nnbol interchanges the "and*’s and •'or"s 
The superscript symbol converts every ax into jax ^ 
and the superscript symbol interchanges and's and or*s 
and also converts each ax into — | ax , effectively leading 
to the negation of fj^(ax). 


As an example, we may put i = 6 standing for (3x)<ax). 

D m n 

The same operations of • „ , , will produce in sequence 

( 3x) (ax ), (Vx)(ax), (i^x)( ax) and (-A-x)(ax). With these 
stipulations, all functions of quantified terms ^ and equations 

involving them^can also bei treated in a similar manner. Thus 

A/v, ^ De-Morgan illation 

the proof of (dx)(ax) = |(Vx)( Jax) is given by the / 


V 


ax s= J ( A Cr^ax)). The most interesting application 

X X ' 

is in what has been described as the QL-1,2 and QL-2,1 
transformations in MR -53 and 54, 


In fact, a very general formulation of quantifier algebra 
in terms of logical functions has been formulated and is being 
worked out. Some of the essential feature'^ will be discussed 


in the next few days. 
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?■ * • — transformat ion equations between OT— 1 and QT,. 

■ £2£ S, s . .o^ . glpj^e-nt ary relation s involving quantifiers 

(a) ( \/x) (ax b) = (3 x)(ax) (3 x)(ax ==#.b) = (V^^Caxj =:»b 

employ 

For proving this, we / the results given in Eqs. (4b) 
and (4c) which follow from the De Morgan relations for multiple 
conjunctions and multiple disjunctions given in (4a) : 


6^ A (§2 ===^b) = ( — I V ^) A (• — I §2 V/ fe) 

( 1 A — 1 § 2 ) I = *^(a., V § 2 ) V b = (g., A § 2 ) 

/\ (ax b) = ( \// ax) =^l 2 

\/ (gx raa^b) ss ( P\ gx) b 


(4a) 

(4b) 

(4c) 


On substituting for the multiple or and multiple and , the 
quantifier equivalences in (2a, b), we obtain the 'two 
' equations to be proved. 


(b) (V x)(ax A b) * (V x) (ax) Ab, (3x)(axAb) * (3 x)(ax) A b 


This equation follows from Eqs. (5a, b) 

A ( ax A b) = X\ (ax) A b 

X ” " X . 

\y (ax A b) = Ny (ax) A b 


(5a) 

(5b) 


(c) (\/x)(ax V b) = (\/x)(ax) V b, (3 x)(ax V b) = (3x)(ax) V b 


This also follows from the two equations corresponding 
to (5a,b) obtained by replacing the conjunctions in (b) by 
disjunctions in (c). 
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(d) (ix)(ax A b) = (lx) (ax) A I ; Clx)(axVb) = (lx)(^)V 


This will be proved from apriori considerations from the 
definition of (€.x)(ax) as in C6a,b) 

(£x)(ax) V (gx) ^ (lx)(— lax) = \/ ("n ax) (6a,b) 

x= 1 Xs= 1 

where n can have any value between 1 and N — 1 , N being 

the number of members (ax) under considerations. Then, from 

(6a) , we obtain 

C£x) (ax) A b = \y(ax) A b =» \j/ (ax A b) = (£_x)(axAb) 

1 1 (7a,b,c,d 

It is to be noted that the multiple summation 1 to n is the 

same for the l.h.s (7b) and r.h.s (7c), and therefore n can have 

any value between 1 and N — 1 in C7c) also, vdiich is the very 

definition of the quantifier state £. . The austification in the 

shift of the bracket between (7b) and (7c) is obtainable by the 

fact that the operations of conjunction and disjunction in 

Boolean algebra are commutative, because of which Eqs. (8a, b) 

follow: 

(a A^-|) V (a A'^) *» a ACb.j V ^ 2 ) (8a, b) 


from which (8c) and its counterpart (8d) follow: 


WKf 



b 
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^§1 V V (§2 V ]b) V • • • V V b) a (g.j A a2 A , . , A \/ b 

(8c) 

(§ A b^) V (§ Ab2) \/ ... V(a Ab^) a a A (b^V b2\/... V b^) 

( 8 d) 

In the same way, the second equation under (c) can be proved. 

(e) (0x)(ax Ab) a (0 x)(ax) A b ; (0 x) (ax V b) = (0 x) (ax) V b 

(f) (lx) (ax) ««^b) a ( 0 x)(ax) aa:^ b ; ( 0 x)(|X aa^b) a (^x) (a 3 d=^b 


All the equations in (a) to (f), as well as the 
corresponding ones for the logical connectives A , V , aa%> 
between a and ^x will be proved as the consequences of a very 
general set of equations (9a,b,c) and (10(), which we shall prove 
namely 


(qx)(ax) Aba (qx)(ax A b) ; (qx)(ax) Vb a (qx)(ax V b) 
(qx)(ax) a=^b = (q-^x)(ax =^b) 

a.Z(qy) (by) = (qy) {§ Z by), Z a A , V , a^ 

*= ^ — — — — 


(9a,b,c) 

( 10 ) 


'In. . / (qx) aiTd (qy) can be any one of the eight quantifier} 
in BA-3 algebra . This is shown in the next note K-2. 
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Rigorous 'theory o£ quarTtl^ler* 51:01:68 In logic 
1, Theory employi ng BA-1 representation for Individual terms 
We assume that ax can only have two states T and F 
designated by the Boolean scalars 1 and O. Then we define 
the quantifier state q(ax) by Eqs (1a,b^c): 




qCax) = \/ f(ax,ni,n), m + n = N , 

m = N-, 


where 


N. 


f(ax,m,n) = fj(ax,m,n) 

d = 1 



n 

( I ( ax ) , m + n 

s = o 


N 


(1a) 


(1b) 


(ic)-^ 


and there are J = 1 to : combinations (m,n) for x^. and x^. 

A quantifier state Is the truth value of q(ax) In (la), given 
the Individual truth values 1 or O of x^ and x^ In (lc), 
which are m and n in number. The range of m^ naimely to N 2 / 

specifies the nature of the quantifier. The value of for 

the four standard quantifier states V , ,yV, ^ are given 
in the top half of Table 'l . They agree completely with the 
standard concepts of quantifiers, namely that \/(ax) is true 
only if n, the number of negated terms is nil, and similarly 
5 (ax) = V ( — I ax) is true only if m, the number affirmative 
terms is O. These are the only two singular states defined by 
a unique value for the range to N 2 * 

*In (la) and (lb), we make use of the fact that the multiple or in 
V t^T ■ ..V V = T if at least one of them is true. 

t The multiple conjunction is to be taken to have the truth value T 
if either m or n is equal to 0. 
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The definition of the quantifier state 3 is usually 
given in terms of the operator \J . However, it can also be 
given a definition in terms of Eqs. (la,b,c) , where the 
range of m can be anywhere from 1 to any value N. This 
means that f(ax,m,n) will be true for at least one value of 
m and it can also be true for all the N-values of m, including 
n = N, This definition agrees with the standard definition of 
3 (ax) 

N , 

3(ax) = \J (ax) (3a) 

as in (2b) of N-1, and it also agrees with our definitidn of 

\j ( I ax) in terms of which we have Eq,(3b). 

N 

’n\/('nax) = yA^(' lax) «= 3(ax) (3b) 

m = 1 

In the same way, the quantifier state -A.(ax) = 3( — j ax) 

has the range for m from 0 to N-1, which makes the range of 

N 

n from 1 to N, and is expressible as ( lax). 

n = 1 

In QBA we have the generator states as V , ^ and £. where 
the range of m for £. is the intersection of the ranges for 
m of 3 and W , namely 1 to N - 1 , This can also be given 
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a straightforward definition in terms of Eqs.da) and (lb), 
by saying that m cannot correspond to or "None", but 


only to "some"; making = 1 and N 2 = (N - 1), in l(a). 

Of the remaining three quantifier states in QBA , J\ and 



which find expression in terms of disjunction or conjunction 
of two or three of the generator states , as in 


(4a,b,c), fA and ^ also have a unique representation in the 

of * 

fonn/Eq.Cl) as shown in Table 1. 


q(4) *= 0 =s \/ q(l) V q(5) (4a) 

q(7) = A= V £.^^ = qCl) \/ q(3) V/ q(5) (4b) 

■*^q(8) *s|^«=\/ q(l) A q(3) A qC5) C4c) 

On the other hand, 0 is not expressible by a single continuous 

range of values lor m . It requires the disjunction of the 

two quantifier states V and ^j^as can readily be verified by 

noting that q(4) = q(l) oh q(5) . The reason why this state is 

also included in Table 1 is that it is the only additional state 

in BA-3, obtained by conjunctions and disjunctions of the other 

the 

seven others listed in it, in order to complete/Boolean algebra 

BA— 3 obeyed by the quantifiers (see MR— 52) , For this state, 

^he symbols 0 and ® for quantifier states employed in (4a,b,c) 
are really valid in BA-3 algebra, but is put here to stand for 
the BA-1 operators V A using the truth values of the 
quantifier states as given by Eq. (1a,b,c) , which are equivalent 
to the union and Intersection of the corresponding ranges of m . 
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is T if a given quantifier state belongs either to 
qCl)* namely "true for all", or q(4), namely "true for none", 
so that it gives the truth value T for either qCl)'or qC5). 

In either case, the truth value for 0isT\/ForFVT, both 
of which are equal to T. 

Similarly, for A , the symbology qU) or q(3) or q(5) 

indicates that a given state can be any one of the possibilities 

m = 0 to N, and will give a truth value T for at least one of 

qCl), q(3), q(5), so that the r.h.s of C4b) is always T. 

Null set, on the other hand, requires that a given state must 

belong to all three generator states q(1 ) and qC3) or q(5). 

This is obviously impossible, because the ranges of m for these 

three states are disjoint, so that, if the state under consideration 

etc. 

belongs to q(l)» it does not belong to qC3) or qt5)/ Consequently, 

the r.h.s of (4c) is always negative, which means that the range 

non-existent 

of m is nil, so that the quantifier state -fs itself a / one. 

The eight quantifier states are permuted among themselves 
by the application of the operators Ef L, M, ^ and no other 
qusintifier states csin be generated by combining these by 
logical connectives. This proves the completeness of CBA. 

(See the next report N-3.) 



n 
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2. Derivation of QL-1.2 transformations discussed in N-1 

We shall now examine the consequences of the definition 
given above for a quantifier state, and prove the Equations 
in (9) and (10) of N-1 using this limited definition of a 
quantifier. Before that, we shall establish a set of still 
more general results stated in (5a,b) dnd (6a, b): 

f(ax V/ b) = f(ax) V b , f(ax Ab) = f (ax) A b , (5a,b) 

(f(ax b) = (f'^(ax) b)), (f(ax) b) = f'^(ax =^b)) (6a,b) 

In these, f(ax) is a general logical function of ax, with the 
locations of — ) , A , V » and parentheses ( , ) , defined. 

We start with the Eqs,(7a) and (7b) which follow from 
. distributive 

the mcftaall / propert y of ” and" , or” : 

(a^x A b) V (agx A b) = (a^x V A b 
(a^x A b) A(a 2 X A b) = (a.,x A a 2 x) A b 

This is readily generalized to f(ax Vb) and f(ax Ab) of the 
forms given in (5a,b). The connective between ax and b on the 
l.h.s is the same as the connective between f(ax)and b in the 

r^h.s A and V . 


(7a) 

(7b) 



12 . 


•D* 5.2.87 

Draft-2 

In a similar manner, the proof of (6a) and (6h) follows 
by the steps given in (Sa) and (8b). Thus, 

f(ax =a^b) = f( — jax Vh) e K'l ax) V b 

= "If '^(ax) V b = f^(ax) b (8a) 

(f(ax) x=*$> b) = 1f(ax) V/ b * f ^ (-^ ax) V b 

-= f '^('”1 ax Vb) = f '^(ax =*#>b) (8b) 

If for f(ax) we substitute the appropriate function corresponding 
to q(iax) in Eq.(l) with the corresponding values of N-j and N 2 , 
we get straightaway all the QL-1,2 transformation equations 
given in the report: N-1 , involving f (ax) and b. 

In a similar way, we can pjxjve the common equation between 
a and by in (9)i 

f(a Z by) *= a Z f(by) , for Z c ^ (9) 
by using the Eqs.(lOa,b) corresponding to (7a, b) respectively : 

(a/lb^y) \/(a/^b 2 y) «= a V (b.|y ^ b 2 y) ('lOa) 

(a A b-^y) /\(a Ab2y) = aA(b.|yAb2y) (10b) 

In fact, Eqs.(8) and (9) and the corresponding ones 
connecting a and by can be given in the form of a pair of 
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equations, as in (11) and (12) — namely* 


f(gx) Z(k,i’) b = f*(ax ZCk,-^) b) , 

where 

f» x= f or f'^ according as k = 1 or 2 
a ZCk,^) f(by) = f*(a Z(k, by) 

wile re 

f ' dr f according as £ = 1 or 2 


( 11 ) 


( 12 ) 


The corresponding transfoimiation equations for q(iax) 
<l(d^y)» i»d “ 1 "to 8 are written by replacing f(aac) 
and/or f(by) by q(iax) and q(dby) . These two equations 
can also be combined to give one general transformation equation 
between QL-1 and QL-2 forms in quantifier logic. This is 
given in ( 13a,b) . 


ax q(lZx) Z(k,£) qtdZy) S q(i’Zx) qCd'Zy) (ax Z(k, -^) by) 

(I3i 

wiiere 

i* *= ± or 1-^ according ask=1or2, d**=d or^ 

accoixiing as 1 or 2 

and Z » 4 or 6 . 

We ghan discuss in the next report some of the symmetry 
properties of quantifiers which come out of the inter-relationships 
between the general functions f, f'^t f » f^ described here, 
and follow it up by a description of their exact logical 
interpretations. 

*The extension from ax and fcy of BA— 1^ to gx and by having 
BA-2 truth values will be discussed in the next report N-3. 
However, the generalized formulae in BA— 3 are given here. 
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Theory of quantifiers employing BA-2 algebra for truth values 

1. Extension of Egs. (la.b.c) of N~2 to BA~2 truth values 

It will be noticed, that Eq. (l) of N-2 contains a complete 

definition in propositional calculus of the logical function 


representing the four standard quantifiers, as well as the 


four others that are contained in QBA, It is interesting that 


exactly similar formulae could be written for BA-2 truth values 


of SNS also. It is only necessary to replace ax by §x , 

Vby Q, A by A and increase m, n to m, n, p, representing 
the number of terms having the truth values T, F, D. Thus we have 


^2 


( la) 

0 

li 

f(^, m, n, p) , m + n + p = N 

m = 

n = 


vdiere 



f(ax, m,n,p) 

= fii(ax, m,n,p), m + n + p = N 

j = 1 ■ 

(1b) 


“ m n P 

f^Cax,m,n,p) « yA\^t^aXj,| T) /~^ tCaXgl F) 

r + s + t = N (1c) 


where t(ax| s(k)) is the truth value of the term gx relative 

to the three permissible states in BA— 2, namely s(l) — Ti sC2) — F 

and s(3) - D respectivalyt The value of . 

m = O and for n = 0 is T , as a summation with no terms in it/ 

It is also seen that the third “multiple and" in (1c) need not be 

■*^ore simply the three truth values are §pCj,, ‘ JgXg and T 

respectively (see Section 4 below). 
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calculated as ■|(ax 1 D) is always T for the test state D. 

The ranges of ni,n,p for the eight standard quantifier states 
q(i) are listed in Table 1. The data in this table give the 
representation^ in terms of BA-2 calculus^ of these states, which 
have the properties described in MR-52, 53, ^4. 


A demonstrable logical procedure whereby these states 

can be discovered for a given input set of data sx(x = 1 to N) 

is illustrated by Table 2, In this table we give the consequences 

of applying the test given in Section 5(b) of MR-57 using 

BA— 1 truth values. If these truth values are applied in BA-2, 

T,F,D,X for . 

then all the 16 possible combinations of/ t^ = t(ax I v), 

t 2 = t(^ I ”3)^ produce^tSe values given in Table 2. 

The remaining ones are seen to be self— contradictory and 

will not be obtained .as a result of the calculation from any 
function qCax) of the type in Eq.(1). 

However, two of the' entries corresponding to q(4) =0 

and q(7) =A produce the same values (D, D) for(t^, 

This is because the check is made only for the exist ence^ or 

non— exist ence^ of the test states ^ and 3 . If it would be 

possible to device a logical check whereby the value of I 


^Definition 

1^(a I ^(i)) = (V 

t(alsCk)) » (.%c where 


t^ = <^a I E ( s(k)> , 


t(a.i b) ^ general (see MR- 56 j Lecture 


= ^lM(q(i“)> 

<alMfs(k‘=)> 
4 for details.) 
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Table 1 _ Theoretical representation of the eight ouAntifier 
states in terms of Ens. da.b^c’^ 


1 

q(l) 

Ml 

m *= 

to M 2 

1 


P. 

p « 

to P 2 

Truth value of q(i) 
for 

'A'. •£ . i 

1 

V 

N 

N 

0 

0 

0 

0 

1 

0 

0 


A 

0 

N-1 

1 

N 

0 

N-1 

0 

1 

1 


£ 

1 

N-1 

1 

N-1 

2 

N-2 

0 

1 

0 

4 

0 

N 

N] 

0 


0 


1 

0 

1 


t V® $) 

0 

0 ) 

N 

u! 

0 

! 

oi 
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0 

0 

N 

N 

0 

0 

0 

0 

1 


3 

1 

N 

0 

N-1 

0 

N-1 

1 

1 

0 

7 

A 

0 

0 

0 

0 

N 

N 

1 

1 

1 

8 

0 




— 


— 

P 

p 

0 




# 

















.^racoicax determination of a quantifier state In terms o£ V and 
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can also be determined, then the BA-2 values of t so 

-3 

obtainable are given in the fifth column of the table. It will be 

then noticed that q(4) and q(7) differ, in that 4(4) gives 

for t^ the value F, while q(7) yields D. Since the state 

£- is not formally available in standard predicate calculus, 

it seems to be rather difficult to obtain a procedure for 

checking the existence of £. as such, in terms of standard 

predicate calculus. There seems to be definitely a need for the 

representation of quantifiers by three BA-1 truth values as 

q(i) = q, q/) as we have proposed for the BA-3 

^ T S ^ 

representation of quantifier states, even with BA-1 truth values 

for ax , In fact, if t(q(i)|^) is calculated for the 

generator states q(i) = V , ^ , ^ , then we obtain the data 

in the last three columns of Table 2. It is then seen that they 

yield the truth values identical with those obtained using BA— 1 

truth values shown in the last three columns of Table 1. This 

shows the identity of the definition of quantifiers in SNS using 

BA-2 truth values for the terms quantified j and the standard 

with two states of truth in BA-1 , 

formulation of classical predicate calculusyso that the definitions 
of a quantifier state given by Eq.(l) is a natural extension^in 
SNS/ of the definition given in N-2 using classical propositional 


calculus. 
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. g . . ..,. Neeci for Boolean connectives U and V in addition to 
matrix connectives A and 0 

. ■ g= s 

As mentioned above, the need for the Boolean sum and 
Boolean product for component quantifier states becomes 
Particularly apparent on introducing BA— 2 truth values, because 
in SNS we have four states T, F, D, X, with the property 
T^FxsD, T 0 F=X, and it is necessary to distinguish 
between these two Boolean operators U( union) and V(vidya) and the 
matrix operators 0 and 4. The essential difference is in the 
nature of the two terms whose truth values are combined. The 
Boolean operators are used for 

■ U §2 = i » i-i Y §2 = i (2a) 

in which the two data on the l.h.s refer to the same term, 
while the matrix operators occur for the equations 

aAb aOb = c (2b) 

^>diere the input truth values belong to different terms. In 
BA-1, product ( <8) ) is equivalent to "and" and sum (0) 
is equivalent to "or", and the distinction between the two pairs 
is not specifically mentioned, except that, in applications. 
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the states T 'and’ F simultaneously applied to the same term 
lead to contradiction, and concurrently applied to the same 
term refers to tautology, standing respectively for X and D. 

On the other hand, the difference between the two cases is 
brought out by the distinction in the nature of the two types 
of operators, in that the Boolean operators lead to two 
equations of the type in C3a,b) j,which are different from those 
for the matrix connectives in (.4a, b). 


Boolean operators 


U : 


» ^1^^ 

^2/ " 

ajs 

(3a) 

>ii 


» ^1 jS ® 

a2j? = 


(3b) 

Matrix 

operators 





g : 


, ® b^ 



(4a) 

A : 


, a^ ® b^ 



(4b) 


However, as may be seen from the above two pairs of equations, 

the same BA-1 operators © and (Xi are employed in both cases. 

and 

This distinction between j "and"/ "or" on the one hand, and 

and other, ^ t -u 

"union" / "vidya".on the/ is not there in standard Boolean alge ra, 

so that there is no complete isomorphism between the algebra 

of logic and Boolean algebra in its standard form. However, 
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all the formulae can be reduced to those involving only 
the BA-1 operators of complementation ( "^ ) , sum ( 0) and 
product ( (Q ) f vdiich have been adopted for what we ‘have 


called matrix operators in classical logic. The distinction 

between A, 0 and U, V in BA-1 itself does not seem to 

repi^sent ing. logical, connectives 

have been recognized as an algebraic fact/ and that 'it is capable of 

only 

being presented/ in BA-2, although contradiction and tautology 

are concepts which aire fundamental and well understood in 


that field. 


3. Boolean algebraic representation of connectives in 
predicate logic 

Therefore, we shall consider in some detail the nature 

of the correct connective operators in BA— 3 which correspond 

to Eqs. (3) and C^) in BA-2 for quantifier logic in general, 
detailed 

On n-i/r i.j examination, it turns out that we have 3x3 matrix 
operators similar to 2x2 matrix connectives of BA— 2. As 
regards Boolean connectives, four different operators E , , 

are required. Of these, ^ and N are matrices having all 

their non- zero elements equal to 1 with the BA- 1 connotation 

c 

of equivalence (® ), and W and L have complementation ( ) 

as the elements corresponding to l^in the two diagonals of the 
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lE 1 and iNj respectively. Because of this, 
we shall call these as Boole an—matrix operators. For ready 
reference, both the Boolean equations corresponding to them, 
as well as their matrix representation, are given in Eqs. (5) 
and (6) , 


Boolean representation 


N 

M 

/>%/ 

L 

Matrices 



ay = by » 


ay = b^ , 

c 

8L-y SLy f 






a^ = by 

4 = 

4 “ 



(5) 


( 6 ) 


We shall not discuss 3x3 matrix connectives of quantifier 

logic, in general, since this has been done in MR-52, 53, 54, 

However, we shall consider some consequences regarding the 

symmetry of the BA-3 Boolean-matrix connectives and the non- 
equivalence of stande^/Boolean algebra and the Boolean algebraic 
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representation of logic. It turns out that unless some 
symbols are used to represent tautology and contradiction 
and also the distinction between A, O and U, V , it is not 
possible to write algorithmic formulae which can be implemented 
by a computer. This is considered in the next section. 

4. Non-dlstributivity of logical functions 

We shall illustrate this by a very simple example of a 
formula written in classical logic, namely 

f = a AC^ a y b) = Ca A -n a) V Ca Ab) (7a,b) 

With the substitutions given below, both the l.h.s and the 
r.h.s of (7) can be put in the form of elementary relations 
as given in (8) and C9) • 

l.h.s of (7) : V b » g , a A g » f ^ C8a,b) 

r.h.s of (7) : a i\ ~~1 n » h, a A b * k, h V k = f 2 (9a,b,c) 

Then, with a - T, ^ « T, we have 

' > 

g - T, f -j T (a) ; h « X, k = T, X (b) (10) 

It is seen that the two expressions do not lead to the same truth 
value t fdfc^f b°- T, which is what is meant by the symbols 

We have used the SNS notation of X. to indicate what 


a and b . 


» 
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in classical logic would be called contradiction. The point 

of issue is that the expressions (7a) and (Tb) are not logically 

equivalent, although^ on removing the brackets and regrouping 

the terms, one is equivalent to the other in BA-1 by 

substituting 6^ for V and (S for /\ • Thus, although it is 

obvious that a A | a is contradiction (X) and a V ' \ a 

is tautology (D), in evaluating the truth value of a expression 

for given inputs j this fact is incapable of being introduced 

in Boolean algebra (BA-1) for automatic evaluation . Even if we 

give the instruction that the connective applied between the 

same entity (in this case, in a /\ la) is to be treated 

differently from that between two different terms (as in s. /\ t ) 

unless the difference in the truth tables of thet two forms 
of 

of A, and/ V is specifically fed in, it is not possible to 

inmlement them automatically. This is, however, equivalent 

' 2x2 

to the BA-2 representation, because BA-2 en 5 )loys the/truth table 

Boolean ^ ^ 

in toto as the/elements of the 2 x 2 matrix appropriate 

^ fuller exposition, 

to the connective concerned, (See Lecture 1, Series 3 for a / ; 

This example illustrates our main contention that, when 
a logical grapti is implemented, the corresponding algebraic 
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equations should be formulated with the parantheses grouping 
them together written in the same pattern as tl« steps in 
the logical argument, and Implemented sequentially in that form, 
without removing the parantheses and regrouping them before 
implementation. Therefore, the process of converting a logical 
formula into the conjunctive normal form, or the disjunctive 
normal form, is not a valid process in the BVMF' ic implementation 
of logic. 

This can be illustrated even more clearly by the definition 
of a quantifier state qCax) in Eq. C1) above, and particularly in 
' its application to the steps (lb) and (lc). In these, the 
disjunction of f^ (^, m, n, p) over J in (lb) is to be 
perfonned only after the conjunctions in (1c) to obtain this 
function is performed, and the resultant expression cannot be 
distributed. For instance, for N = 2, consider the function 
q(ax) in Eq,(l) to be 3 • Then, by Table 1, at least one ^ 
must be T, as a consequence of which only the three combinations 
(1, 0, 1), (1, 1, 0), (2, 0, 0) are permitted for m, n, p. 
Therefore, the expression for q(ax) = 3 takes the form of 



2.6 

..V N-3 • 

12.2.87 
Draft -2 

Eqs (11) and (12) in the same format as Eqs. (la,h,c): 

tCq^Cix)! 3 ) = (f(gx, 1, 0, D) g (f(ax, 1, 1, 0)) g (l(ax, 2.0,0): 

( 11 ) 

where, omitting ax for convenience, we have 

f(1, 0, 1 ) = t(a.,l T) g 1 ( 12 ! T) (12a) 

f(l, 1, 0) = (t(aj T)) A (t(a 2 |F)) Q (t(a 2 |T) A t(a., I F) (l2b) 

f(2, 0, 0) = t(|^( T) A 1 ( 12 ! T) (12c) 

The extra brackets in (f (ax,m,n,p)) is used to indicate that 
(I2a,b,c) have to be separately calculated first, and then 
fed in the r.h.s of (11). 

It will be seen that, for the sample §2 = F , 


f(l, 0, 1) = t(T I T) g t(F j T) = T g F = T (l3a) 

^(1, 1» 0) = (T A T) g (F A F) = T g F = T (13b) 

f(2, 0, 0) = T A F = F (13c) 

Substituting these in Eq,(1l), we obtain 

t(q(ax) |3)=TgTgF=T (14) 


showing that the quantifier state to which the sample set 
(a., = T, = F) belongs is (3x)(3x). It will be noticed that 
only one f^(ax, r, s, t) naunely f(2, 0, O) has the truth 
value F for the sample input, while the other two lead to T. 
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On the other hand, this sample = T, §2 not 

belong to (\/x)(ax), since Eq,(l) leads to Eq.(15) for the 
only value of f^Cax, 2, 0, 0) shown therein, 

V ^ 

tCq(ax) I V) »= f(ax, 2, 0, 0) «= F C15) 

However, the sample set *= T, §2 « T) belongs to the 

quantifier state V/ , since 

t(q(ax)| V) = f(2, 0, O) of (12c) » T A T = T (16) 


This is a very simple and trivial example. However, 
using the formula (13b), we shall illustrate the non-distributivity 
of A and. V in it if only BA-1 is employed, and . the need to 
put the brackets where they are . Writing this equation in 
BA-1, but retaining the BA-2 symbols T, F, D, X for these 
states^Eq.(l2b) takes the form of (17) since t(ai I T) = aj^ , 

^(a^i F) .= — laj^ in classical logic. 


(a^ A — |a2) V ("H a^ A 82) = f 

Its value according to (13b) is 

(T At) V(F Af) « t Vf » t = f., 


(17) 

(18) 


If, however, the expression (17) is expanded, we have 

(a^V —1 a.,) A (—182 V — la^) A (a., V ^ V a2)«f (19) 
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In this, it will be noticed that the two terms (a^ V/ — I a-j ) and 
(-la2 V a 2 ) are both tautologies in classical logic, and 
can be replaced by D(= T >0 F in BA-2). For the middle two 
terms, the truth values can be calculated by using the logical 
connective V as being equivalent to 0 of BA-2. Then we have 

dACt\/F)A(tVf)Ad = DATATAD = D ^ (20) 

It is clear that the value f ^ = T in (18) is different from 
the value f 2 = D in (20) , although the two expressions (17) 

and (19) ai^ equivalent in BA-1, This arises because the 

. , Boolean operator 

symbol V has two different connotations — namely of g( / “sum") 

matrix operator 

in the first and last terms of (19)^ and that of 0( / “or”) in 

the middle two terms. Obviously, what is required in the 
definition of the quantifier state is the value T for 
(17), with brackets as given in ( 12b), and this becomes D if 
the brackets are removed, and the expression expanded as in (19). 

This shows the non-distributive nature of U,or V> against 
the corresponding logical connectives Oj or A^ and the need to 
keep the parentheses intact if the formula of a conpound logical 
tenn has been translated into BVMF notation. In the Boolean 
algebraic manipulations, no expansion leading to the removal of 
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parantheses should be catrled out. With this precaution, 

BVMF is a faithful representation in BA— 2 of any formula in 
logic and the equation so specified involving conjunctions, 
disjunctions, and negations, is unique and can be implemented 
in a unique manner. There is no ambiguity in the meaning of 
V and /\ , but its nature can be specified to be either A or V, 
or O or y. However, at the same time, we lose the possibilities 
of converting any general logical polynomial into its conjunctive 
or disjunctive normal form. This is, however, of no consequence, 
since the BVMF technique is one of implementing relations one 
at a time, and therefore, the logical graph is always 
constructible and implementable in the form in which the argument 
is given. In fact, the considerations given above do not affect 
any of the arguments in MR— b7 or the previous notes N-1 and N— 2, 

5. Symmetry properties of ” quantifier states and their connectives 
In this section we shall mention some interesting symmetry 
properties between the quantifier states as defined by Eq.Cl) 
and whose properties are specified by Table 1. The discussion 
is common to the standard definition via BA— 1 algebra and the 
BVMF definition via the four possible states T, F, D, X in BA-2. 
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(Revised 1.5.87 

In N-1, we have shov/n that a general logical function 
fCaj^) In pixDpositional calculus has four modifications 

f(a^), = f*(aj;), f^(aj^) = \f(ajL)f f^(a^5 =f(- — la^) 

= — lf*(ai) (21) 

and that the quantifier states V» 3 , A have the same 
relationships via similar operators, leading to the 1— 1 corresponden 

f > V = q(l®) = q(l) , 3 = q(l-^) = q(6) ; 

f“4-^yV= q(l“) = q(2) , f“ $ = q(l^) = q(5) (22! 

Because the transformation properties for the logical functions 
in (21) are valid for all functions in propositional calculus 
and since a quantifier can always be expressed as a function 
of logical terms, each having BA-1 or BA-2 truth values as shown 
in this report, the relationships in (22) can be generalized to 
cover the case when f(ax) is any one of the standard four 
quantifier states V, 3 ,A,1. These are best shown In the 
form of Table 3. 

It is interesting that the four SKS states T, F, D, X also 
have the same transformation properties as the four standard 
quantifier states V. 3.A,$, and are permuted among 
themselves in a similar manner by the application of the four 
2x2 Boolean-matrix operators E, L, M, N analogous to the 3x3 
Boolean— matrix operators in BA— 3» This is shown in Table A. 
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Talale 3. Transformations of quantifier states by the 
four Boolean-matrix operators E, L, M, N 


(a) Standard quantifier (b) New states produced 
states in BA-3 

V A- § 1 A ^ 

E V 3 A ^ ^ A jA 

3 A. 6 i. </) A 

M-A-i-V a L 0 A 

N ^ A 3 V £. A <0 
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Hov^ever, "In / the two pairs of states ( 1, 0 ) and ( A, 0 ) 

are only converted one into the other as a result of the 

application of all the four operators. In fact, itself 

^ M = 0 • The former relation is indicative of the fact 

that (^x)(ax) =; (^x)(‘ | gx) . The same property is held by 

0 , A and 0 , all of which are S3nnmetric in (ax) and (- — 1 ax). 

Just as ^ M = 0 and. 0M = , A and ^ are also complements 

of one another in the form A M = 0 and 0 M = A . The 

consequences for the implementation of various relations in 

predicate calculus have been treated in MR-53 and 54. 

The four operators E, L, M, N form a group of order 4, 
the so-called Vierergruppe (V) , which is isomorphic with the 
crystallographic point group D2^2 2 2. The latter notation 
is indicative of tiie fact tliat there are three elements in the 
group of order 2 (in our case, M *= N *= L = E), although the 
group is generated by any two of these. Taking these to be 
6Lnd N, L = M N N M, and consequently, L M *= M L = N, and 
L N » N L «x M also follow for this group. ¥e shall not discuss 
these features as they dre only of theoretical interest, but 
consider essentially the logical consequences of this formalism. 

The most interesting consequence of this study of the 
relationships between the quantifier states of GBA is that 
we have arrived at two t 5 rpes of negations for these states, 

namely _N(negation) aind M,( complementation) , The former 
negates the predicate ax in the expression (qx)(gx), while the 
latter negates the quantifier state (^) and not the predicate. 
Therefore, it is highly desirable to have two symbols for these 
two types of negation — "weak negation" N( l) and "strong 
negation" MC^)). The words weak and strong had been coined 
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for similar operations which can be postulated for propositional 
calculus also^ which will be described below, and the reason 
for the terminology is that^ while weak negation. N makes T go into 
F, and F into T, leaving D and X unchanged, the strong 
negation M makes all four of them go into their complementary 
states. Therefore, in all our formulae, we shall use these two 
symbols ' I and ^ to distinguish between ^ and M» 

Table 4^ which is closely similar in pattern to Table 3 ; 
gives the transformation of the four SNS states produced by 
four operators analogous to those discussed above, namely 
L, M, N . The sequence of the operators is made slightly 
different from Table 3 for reasons that will be clear below. 

The Boolean representation of the relation = b , 

between a^) and b ^ ^ and :-i;he corresponding 

nj a t' t'i X given in Eqs. (23) and (24) in the 

same pattern as Eqs. (5) and (6) above. 

B oo le an pres entation 

1 ' V “ V * ^ ^ P ' 

B = = >k . ! I = = b, , a} - V 


( 23 ) 
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Matrices 



(24) 


Of the four matrices, the first two, namely jE| and InI^ 

have been incorporated in our SNS formalism in the forms 

^1 0 \ (0 

1 and I respectively which are equivalent to the 

,0 1/ Vi 0/ 

Boolean-matrix form given in (24), M , on the other hand, 
had been written in the Boolean representation as given in (23)» 
but we now notice that it can also be put in the Boolean**matrix 
form as in (24). The operator L has not been found to be 
of great use for logical relations in propositional calculus^ 
except in the case of functions f(g£) , which lead to equations 
of the type' (21) which are highly useful for the definition of 


quantifiers. 


The most interesting application of the unification^ of 
the formalism for Boolean operators in BA-2 and BA-3, is the 
possibility of a clarified presentation of the De Morgan 
relations connected with the operators A, 0 on the one hand 
and V, U on the other, in SNS algebra. The essentially new 
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(Revised 4.5,87j 
result is, that the weak negation N is what is operative 

between A and 0, and the strong negation M is the one that 

is operative between U and V, as given in Eqs. (25) and (26) 

below. 

— IS 4 lb = |NANb = §2^1 = l(i 0 b) (25a) 

"Hi 0 lb = iSONb = fA^b = ~1(| A b) (25b) 

These are the equivalents of the standaiti De Morgan relation 

in BA-1, employing the operators ® ° , for A, V, -I 

for Boolean scalars in BA-1, These three operators (X) » ^ , 

go over into the SNS operators ^ ( l), A(/\),Q(V), 

in BA-2 for this logic. On the other hand, V and U are 
formally two new operations introduced in BA-2 and they satisfy 
the De Morgan relations (26a, b). 

=la V ^b = aMVMb = ^(a U b) (26a) 

^a y -=16 = 'a M U M b = ^(a V b) (26b) 

In this ca^se, the three operations (2) , ® and ^ of BA— 1 go 
into M( "^ ) , V( (X)) and y( ^). 

It is obvious that the two operations M and N are equivalent 
for the classical states T and F, since they go over into F and T 
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respectively, for both N and M, although.,.th9y ■ /-^ -i D goes over 
to X and X goes over to D for M, while they remain unchanged 

tsr ■ . 

by the operation of N. Therefore, the distinction between 

these two will not be detectable in classical logic employing only 

two states T and F^vfor which both C25a,b) and (26aib) lead to 
Eqs. (27a, b) given below. - 

We shall now prove (25a) and (26a) to indicate how this 

distinction between the and ^ occurs in BA-2. Both the 

equations can be proved from the primitive De Morgan relations 

in BA— as in (27a,b) below. 

a'^® b'^ = (a e b)"^ ; a^ e b'^ = (a (X) b)"" (27a,b) 


The difference between (25) and ( 26 ) arises because the two 
equations between the components (a^ a^) and (l^ b^) are 
different for A and for V ^ as shown in Eqs. (3) and (4). 

As a consequence of Ihls^ the two operators N and M are 
differently Invoked in the two cases when the common BA-1 
De Morgan relations (27) are extended to BA-2. Thus, considering 
(25a), we have, 

I -4 1 (b^ 

= -7(d^ d^ 

where a O b 


1 

O 


(28a) 

(28b) 
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In the same way, if we consider (26a) for the Boolean 


connective V, 

we 

have 




V 

- 

Ca= a| ) ® (b° 


) 



= 


) = 

((\^e T^)'^ 

(a^ ^ "ty)®) 



■=J(c^ c^) 



(29a) 

where c 

s= 

a y b 



(29b) 


As already mentioned, thettWo sets of equations in (28) and (29) 
are equivalent for the classical truth values T and F for a term. 
The difference is noticeable only for D and X, where the matrix 
operator N interchanges od and ^ components, while the matrix 
operator M complements, in BA— 1 , the two components a^ and 
ajg of a term a. Both these negation operators M and N, when 
extended to BA-3 as M and N, are applicable in predicate logic. 


It is interesting that A ^b and 0 ^b do not 

have simple De Morgan type equivalents^ as is a Boolean operator 
and A and g are matrix operators. However, lor the pair U, V, 
there are such equations lor all four Boolean-matrix type 
operators E, N, M, L as in (30a,b) belows 


a® V b® 


c®, a" V b" =c“ ; where 


i I S 


a“ V b“ «= d™, a"^ V ^ * where ^ H 


(30a) 

(30b) 


The corresponding relation for y on the l.h.s is obtained by 
replacing y, Y in (30a,b) by Y, U- The proof of all these follow 

by the same argument as in (29) . 

The consequences of the two types of negations M and N 
and the consequent existence of the operator L » which we sha 
call as "parallel", will be discussed in a latert report. 
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PREFACE 


The material presented here was written soon after MR -57 
was completed, and is a treatment of the generalization of the 
tensor calculus of ordinary algebra (as used in crystal physics 
or general relativity) to Boolean algebra. The formulae have 
all been obtained by analogy, and require no proof as they 
are mostly in the form of definitions. Thus, the analogues 
of “Contracted” sums, and “direct” (expanded) sums are the 
corresponding Boolean "sums" or "products", and in addition 
we can also have "simple" sums and products in Boolean algebra. 
All these have applications to the BVMF representation of 
logic. ^ 

These ideas have found very good application in the 
development of computer-iii?)lementable algorithms for predicate 
logic^ presented in MR^60,61,62. 
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Essential mathematical formulae for BVI-IF in general 


As the name Boolean Vector-Matrix Formalism indicates, 
the entities dealt with are Boolean scalars. Boolean m-vectors. 
Boolean matrices (m x n) and higher order Boolean tensors. 
These have descriptions as below in Eqs, (1) to (4) 


1. Boolean entitles and BA-1 algebra required for the theory 


Scalar 
(O order 
tensor) 


a4 , R 


having the Boolean values 1,0. The quantities 
Rj j^^®/are all Boolean numbers 


1 , ^ 2 , ... , 

having only two values 1, 0 


( 1 ) 


Vectors : a = (a-^, a 2 » ••• » ^^i^ » 1=1 to m (2) 

(1st order “ 

. tensor; 

Matrix (2nd order tensor) : 

R = ^R. , i = 1 to m, 0 = 1 to n (3) 

Tensor (higher order = r): 

-IB-,:*- "" i2, ... , ir^ * 

i 1 = 1 to n 1 , i2 = 1 to n2, ... , ir = 1 to nr (4) 


Just as standard tensor calculus over the field of 
real numbers is defined using the standard arithmetical 
operations of addition and multiplication, the Boolean 
operations required for BVMF are only three in number, namely 
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Boolean sum ( 0 ), Boolean product ( 0 ) and Boolean 
complement (. ^ ) which are defined in BA-1 . We shall 
give below the analogues of various tensor operations such as 
scalar product, direct product and contraction. 
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Unlike in standard vector-tensor analysis, in Boolean 

ali',Gbra, the operation of sum is as important as operation 

of product^ and therefore (51), (6b) and (7) have analogous 

Boolean 

equations involving also the/operator sum. These however, 
lead to a v/ide variety of forms, if both sum and product are 
included ajud the complement is also included, Hov/ever, they 
can all be reduced to a small number of standard forms using 
the De Morgan relations as will be indicated below: 


(b) Analogous operations involving "scalar sums” 


In MR-57, more general types of Boolean operations than 
those considered above in Section (a) have been envisaged 
and v/ere found to be necessary. Generalizing these still further, 
we can formulate the following pos*sible combinations for the 
scalar product and the scalar sum of two m-vectors as in (8), 
including the one in (5b) . They are 


^ = c (8a) 

i 

® (a^ ® bj^) = c (8b) 

i 

0 (a^ © b^) = c (8c) 

i 

0 (a^ e b^) = C (8d) 


Some of these are 

(^) (a^ ^ 
i 


interconvertible — e.g. 

b.) = (0(ai (X)b^))‘" 

^ i 


(8e) 
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Similarly, analogous to Eq.(6), several possible 

combinations of the Boolean operations sum and product are 
of 

available/which four have been utilized in MR-57 (see Table 3, 
page 27 and the formulae leading to theii^). These four are 
summarized in Eqs.9(a-d). 


e 

© ® 

R. ^ ® b^ = c 

X J O 

(9a) 

i 

i 



e 

0 

0 

^ 

(9b) 

i 

0 




® af (X) 

R„®bj = b 

(9c) 

i 

0 



® 

® ^i ® 

- = 

(9d) 


i i 


All other possibilities are obtained by substituting for one 

or both of the two Boolean products in a,- ® R, .s ® b^ , the 

Boolean sum CB in the four functions occurring in 9(a-d) . 

sequence and 

In such cases, proper/pajrantheses must be included in the 
definition of the function on the l.h.s. ^e^fgf^^7^^(f{^a^\nd (I0b) 
are not equivalent. 

( CD ® ^ij^ ^ ^ ^ ^ij ® ^0^ <S a^ (aOa,b 


All these have logical representations as we shall indicate 
below and therefore in a generalized treatment of logic as 

well as Boolean algebra via BVMF representation, these operations 
have to be taken into account. In fact, (aOb^ becomes (lOc) ( 
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by the application of. De Morgan relation, which is of the form (lOa) 

( ( ® hj) ^ a^ )' (I0c) 

i 3 

following the same lines, a general tensor relation as in (7) 
can also be of a form in which any one of the multiple sums 
or Boolean products in (7) could be replaced by its parallel 
type of operator, namely <2) or e . 

In these, we have not utilized the complementation 
operator in the general formulae, but only in the application 
of De Morgan relations to get equivalent modified forms. This 
is in the spirit of standard algebraic practice — e.g. in 
the formula ^ b^ = a^^ where a^ and b^ are not 

explicitly given a negative sign although this may be required 
in particular examples. In the same way, any one of aj_, b^, 
etc., can also have the complementation operator attached to it 
and the inclusion of this feature is only a matter of detail. 

3. Boolean products and sums of tw^o v ectors, matrices or tensors 

These are generalization of the Boolean sum and Boolean 
product defined for SNS states, quantifier states, and relations 
in SNS logic and quantifier logic involving 2x2 and 3x3 Boolean 
matrices, which have been considered in earlier reports. We 
shall generalize these and define the standard types of these 


operations. 
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Boolean sum of two m-vectors , § ^ ~ ‘ 

M/ — Cj^ t i = 1 to in 
Boolean product of two m-vectors, a b = c 

® » i = 1 to m 


(11a) 


( lib) 


Boolean sum of two mxn matrices , A ^ B = C 

^i;3^ V i = 1 to m, d 1 to n 

Boolean product of two mxn matrices , A ® B = C 

B^j = i = 1 to m, d 1 to h 


{^24 




Boolean sum of two general tensors^ 


/A e i6 - ^ 


Hi, 12, ... , ir ®i1, i2, ... , ir ^i1, i2, 
Boolean product of two general tensors^ iA ® “ 

Hl, 12, ... » ir ^11, 12, ... , It “ ^11, 12, 


ir 


(13a 



Obviously, in all these cases^one can also have the 
complementation operator^ leading to 


‘i = H 




•^11, 12, 


ir “ ®i1, 12, 


ir 
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An interesting feature wtiich distinguisiies the 
operations in Section 2 from those in Section 3 is as follows. 
This is "that, irrespective of the order of the tensor, the 
output for all the expressions in Section 2 is a scalar (tensor^^ 
of order O), while in Section 3 the output is of the same order 

as the order of the two entities included as inputs. Because 

the tensor in the the 

of the fact that/order of the/r.h.s is less than/order of the 

terms in the l.h.s.^ this feature is given the name "contraction” 

in standard tensor calculus. V/e shall generalize this for 

Boolean operations in the next section and make more precise 

definitions of contracted sums and products. Boolean sums .end 

products, and also "expanded sums and products", of two Boolean 

tensors (which may or may not be of the same order). This is 

shown in the next two sections . 

A. Contracted-' and expanded sums and products o f vectors and 
tensors . 

( s^) Procedure of "contraction " in BVMF 

Eq.(5) for the scalar product of two vectors effectively 

converts two tensors of- order 1 into a tensor of order O. 
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Similarly, Eq.(6) for the scalar triple product of two vectors j,, 
(first order tensors) and a matrix (second order tensor) 
once again leads to a scalar, which is a tensor of order 0. 

As mentioned above, this procedure is well-known in standard 
tensor calculus, and the process of summing over repeated 
indices is knov/n by the name "contraction". A general example ^ 
of contracting two indices i and j is indicated in (14). 

^ ^ -^iok ...X 

We give below, in (I5a,b,c), some examples of this process 
in BV]yiF, which have been shown to be of particularly relevant 
to its applications for logic .„in our earlier reports. 


Unary matrix relation : 


0 = bj 


(15& 


Binary matrix relation ; 


® ® ^i ® ® ^0 

d i 






.1 


Tensor relation 




(15:: 


Clearly we can also have contractions via the Boolean 


sum operator as variations on this theme, — r for instance. 
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^ ...X® ®id = ‘'k ...£ 

i d 

(16a) 

® ® ^ijk ...X® ®id = 
i d 

(I6b) 


Thus, we arrive at one type of general tensor product operation, 
/(associated with the name "contraction", in standard calculus) 
as applied to the calculus in BVMF, in which the common 
indices of the two tensor s that are contracted get eliminated 
and the remaining indices occur together on the r.h.s. The 
contraction process can be associated with either the Boolean 
sum or the Boolean product. 

(b) "Expanded" direct product and direct sum in BVMF 

In standard s tensor calculus, the single st example of an 
"expaiidaf-product is the definition of certain t 3 npes of tensors 
which can be obtained as a direct product (CartdiSiij^..' product) 
of two vectors, namely 

R = I X I : » i = 1 to m, 0 = 1 to n (I7a) 

More generally, we can have 

l6 = aX /A I (17b) 



It is to be noted that, as contrasted v/ith contraction, the 
direct product produces an increase in the number of indices 
associated with the-tensor>— -and— the order of the tensor on the 
r.h.s is the sum of the orders of the two tensors on the l.h.s 
involved in the direct product. Remembering this criterion, 

^ shall define the corresponding “expanded product" and 
"expended sum" in BVMF and give a few examples. Thus, the 
"expanded product", in general, is defined by 


^i 


B, 




= C. 




£ 


(i8a^ 


and the general "expanded sum" is given by 


Ai i ^ B. 


C.. 


i ... jk ... £j 


(isb; 


Some particular examples of these, which have been met with 
in ShS and quantifier algebra of predicate logic, are 


u- ® b. 


- Z 


id 






'id 


1 to m, J = 1 to n (I9a,i 


with m = n = 2 for the connectives A and 0 of SNS standing 

I 

for and Z^^ ^ and the corresponding operators in quantifier 

logic with m = n s= 3. Also, in the application of BVMF to 
predicate calculus, generally we have found the need for 

operations of the type (20a,b) in Lecture-4, Series-2, MR-56. 


c 



ai 


c © a^i^ b,. 


$ 


( 2Da,t 



. 11 . 


6.5.87 

These are special cases of the expanded sum and product — 
namely the expansion ol a tensor of order 0 with a tensor 
of order 1, leading to a tensor of order 1 ( = 1 + O) on the 

r.h, s. 


More generally, the formulation of logical tensor 
relations can be given on the basis of the expanded product 
of r individual vectors leading a tensor of order r . 
Two examples are 






(21a) 

(21b) 


In the form of (21a), the Boolean truth value of the relation 
specified by the tensor ^ for input vectors u^, v^, Wj,. ^ 

is given by (22) 

k d i 

This is only given as an illustration of the simplification 
of a general tensor relation IR when it is expressible as the 
expanded product of r vectors. This is particularly employed 
in our formulation of SNS and QL-2 algebra as indicated in (l9a,b;. 






